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in the Case of Diagonal Metrics
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The present text focuses exclusively on the exploration of a space-time manifold (M, g), where the metric
g is diagonal.

In the first chapter, a comparative study is undertaken to evaluate two distinct methods for accurately
calculating the components of classical curvature-related tensors, such as the curvature tensor, the Riemann
tensor, the Ricci tensor, and the Einstein tensor.

The first approach adopted is the standard method, which relies on the use of the vector field basis
(0o, 01,02,03).

The second method, known as the ”tetrad method,” distinguishes itself by using an alternative basis
(6o, 61,02,03), specially chosen to orthonormalize the metric g and thus facilitate calculations and geometric
interpretations.

These two methods are applied in the context of a specific metric h that exhibits diagonal properties
and spherical symmetry. This metric encompasses well-known metrics such as Schwarzschild, Reissner-
Nordstrom, and Friedmann-Lemaitre-Robertson-Walker metrics.

The second chapter is dedicated to solving the Einstein equation for the metric A in the presence of a
general energy-momentum tensor. Efforts are focused on the analysis and resolution of the Einstein equation
to deduce the initial properties of the functions appearing in the metric.

Examples are presented to illustrate the application of the obtained results. Special attention is given to
the study of the Friedmann-Lemaitre-Robertson-Walker metric, which is used to describe the expansion of
the Universe in the field of cosmology. Subsequently, a more detailed analysis is devoted to the Schwarzschild
and Reissner-Nordstrém metrics, representing solutions for a non-charged and charged massive object in a
curved space-time, respectively.

Finally, general results are demonstrated regarding the general form of the metric in these specific cases.
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Chapter 1

Calculations of Objects Associated with
Curvature for Diagonal Metrics

1.1 Generalities and Notations

Throughout this chapter, we consider a differentiable manifold M of dimension 4. We have a maximal atlas
on M, and at each point p in M, we have a chart of the form:

(U= (a2 2%, 27))

where p € U and the calculations will be performed on this chart. Thus, we have a diffeomorphism ¢ : U —
©(U) cR*, and for each i € {0,1,2,3}, we have an infinitely differentiable function:

20U —R

called the i-th coordinate function.

We denote €°(M) as the set of infinitely differentiable functions f from M to R (on each chart U, the
function fiy : U — R is such that fo ¢l p(U) c R* — R is infinitely differentiable in the usual sense).
Throughout this chapter, all considered objects will be infinitely differentiable.

To simplify notation, we will use the symbol M instead of U from now on. It will be understood that
we are working in a chart with coordinates.

References for the concepts discussed in this chapter are:

2], [6], [8], [9], [L1], [17], [20].

1.1.1 Tangent and Cotangent Bundles

We begin by defining the notion of vectors and tangent spaces.

Definition 1.1.1.1: Tangent Space at a Point

Let pe M.

(i) A vector at p in M is a function:
v:€C(M)—R
such that for all fi, fo € (M) and all a,b e R:

(a) v(afi +bf2) =av(f1)+bu(f2);
(b) v(fif2) = filp)v(f2) + fa(p)v(f1)-

(ii) The tangent space T,M at p in M is defined as the set of vectors at p in M.
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We notice that if f := a is constant on M, then v(f) = 0 because of point (i.b):
v(1l) =2v(1)
i.e., v(1) = 0. Therefore, using point (i.a), we have:
v(f) =v(a)
=av(1)
=0
Notation 1.1.1.2: Notation for Tangent Space at a Point
Let pe M.
(1) We define two operations on T,M. For all vi,vy € T,M, a€R, and f € € (M), we have:

(a) (v1+w2)(f):=v1(f) +va(f);
(b) vi(af) = avi(f).

(2) The element 0;,: € (M) — R is defined for all f e €*°(M) by:

D)= o (Foe™)

le(p)

We have the following classical result.

Proposition 1.1.1.3: Vector Space Structure of T, M

(i) We have:
C{)i,p € TpM.

(ii) The 0;, are linearly independent.

(iii) Let p e U. The triplet (T,M, +,.) is an R-vector space of dimension 4 generated by the 0; ,, i.e.,
we have:

T, M = spang (0 ) -

Proof. (i) Let f1, fo € (M) and a,b € R. Using linearity of differentiation, composition on the left, and
evaluation, we have:

0

oxt

0
B aml ((I 1 08071 +bf2 08071)

Oip(afi +bf2) = ((afr+bf2) o)

lo(p)

le(p)
0 1 0 1
= a@ (fl o )Iw(p) +b@ (fz o )
= a0, p(f1) +b0;p(f2)

Using the product rule for differentiation, we have:

0 _
8i,p(flf?) = Oz ((flfQ) °op 1)|g0(p)
((fl ° 9071)(]62 o 9071))“0(;,)

= fi (¢ (o)) % (F2007) ) * L2 (¢ (0() % (free™)
= [1(P)ip(f2) + f2(p)0ip(f1)

le(p)

0
ozt

lv(p)
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Therefore, we have:
62-7], € TpM.
(ii) Let a°,a',a?, a® € R such that:
3 .
Z a'dip =0
i=0
i.e., for all f e € (M), we have:

3 .
Z azalap(f) = O'
=0

Since 27 : M — R € €°°(M), we have:

3 . .
0 = Z a’(?@p(:cj)
=0
3
i 9 i
—;a?( oy )Iw(p)
3
= > a6y (¢ (e(p)))
=0
3
=Sl
=0
:a‘j

Thus, the J;, are linearly independent.
(iii) Let ve T,M, fe€>*(M), and g€ M. Let’s define:

F::fogp_l:R4—>R.

2

2= (29212228 =07 (q) y= 0y yn ) =0 ().

Let’s denote:
A= (W00 0 [0,1] — R*
s  — (1-s)y+sz

as the line segment connecting y and z in R*. Since F is differentiable on R* and A\ = z —y, by the
fundamental theorem of calculus and the chain rule, we have:

f(q) - f(p) =F(2) - F(y)
= F(M(1)) - F(A(0))
= [F(A(s)]o

1 d
:fo —(Fo))(s)ds
3.,
- [ 1;)(%) (5)0F(A(s))ds
3 . .
:[01Z(zl—yz)&-F((l—s)y+sz)ds
i=0
3. . 4
:;}(zl—yz)folaiF((l—s)y+sz)ds
3. 4
DICERIS

(2" 0 p(q) — 2" 0 p(q))Gi(0(q))

Moo

=0

David Pigeon 7 Practical Calculations in General Relativity
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With: .
Gi(z) = fo BiF((1-s)y + s2)ds.
Thus, the function f is given by:

3 . .
fiqg— f(p)+ Z(:)(w o p(q) — ' o 0(p))Gi(v(q))-

Since v is linear and zero on constants, and using the properties satisfied by v, we apply v to obtain:

v(f) =v(f(p)) + X v((a" o p(q) - 2" 0 p(p))Gi(0(q)))

3
1=0

=v(f(p)) + X(:)(w o p(q) — 2" o p(p))g=pv (Gi((p))) + ;)Gi(w(p))v(xl op—1z"op(p))

w

=Y v(a' 0 9)dip(f)

i=0
By setting: ‘ '
o= o o )

we have: '
v =0"0;p € Vectr (0 p) -

Definition 1.1.1.4: Tangent and Cotangent Bundles

(i) (a) The tangent bundle of M is defined as:

T™M = |J {(p,v), veT,M}
peM

={(p,v), pe M A veT,M}
It is naturally equipped with a projection map:

T TM — M
(p,v) — p

(b) A vector field is a section of T'M, i.e., a map X : M — T'M such that 7o X =1d,,.

(ii) (a) Let pe M. The cotangent space T,y M at p of M is defined as the dual of T,M, i.e., we
have:

T M = (T,M)" .

The elements of T; M are called covectors.
(b) The cotangent bundle of M is defined as:

M= {(p,0), T, M}
peM

={(,0), pe M A 9T M}
It is naturally equipped with a projection map:
™ T°"M — M
(p,¢#) — p

(c) A covector field or 1-form (differential) is a section of 7" M, i.e., amap a: M — T*M
such that 7* o av = Id .

Practical Calculations in General Relativity 8 David Pigeon
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Example 1.1.1.5: Tangent and Cotangent Bundles

(1) For every i€ {0,1,2,3}, we denote the section:

@: M — TM
p +— (p,0ip)

The family ¢ := (0p,01,02,03) forms a basis of vector fields, i.e., for every p € M,
(Qo,p, O1,p, D2.p, 03 ) is a basis of T,M.

(2) We denote (da:o’p,dml’p,dx2’p,dx3’p) as the dual basis of (0op,01,p,02,p,03p), i.e., for every j €

{0,1,2,3}, we have a linear form: _

da’?: T,M — R
such that: . A

dz?? (O p) = 7.
We then define the section:

de/: M —s "M
p +— (p,da’?)

The family €~ := (de,dxl,de,d$3) forms a basis of covector fields, i.e., for every p € M,
(dxo’p,dxl’p,d$2’p,dm3’p) is a basis of Ty M.

Throughout, we will omit the subscript ”p”. Thus, we identify vectors with vector fields and covectors
with covector fields. For example, we have:

dz’ (9;) = &7.

1.1.2 The Language of Tensors

Let E,F, Eq,..., E} be R-vector spaces.

e We denote:
gk(El X eee X Ek,F)

the set of k-linear maps from F; x--- x E to F.

e We denote:
E* = Z(E,R)

the dual space of E and E** := (E*)* the bidual space of E. There exists a canonical isomorphism
between E and its bidual £** given by:

E — E**
u — (¢— d(u))

From now on, we identify them.
In this subsection, we consider the bases & := (e1,...,e,) and B’ = (f1,..., fm) on E and F, respectively.

We denote B := (el,...,e") and &' := (f',..., f™) as the bases of E* and F*, respectively, derived from
% and B’ (where €'(e;) = (5;- and fi(f;) = (5;)

David Pigeon 9 Practical Calculations in General Relativity
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Definition 1.1.2.1: Tensor Product

The tensor product of vector spaces F1,..., E} is defined as:
Fi®--®FE;:= gk(Ef X e X E,:,R)

The elements of Fq ® --- ® FE), are called tensors.

\. J

Example 1.1.2.2: Usual Examples

(1) For any T'e E® F, we have a decomposition:

M

m
T-= Zﬂj6i®fj=ﬂj6i®fj.
151

)

Il
—_

The second equality is the Einstein convention that we adopt from now on. Thus, we have:
T(e", ') = Tijes ® fi(e¥, £1) = Tyjei(e®) £5(f1) = Ti;676" = Ty

(2) We have:
E®E:=$2(E*XE*7R) ) E®FE” :=$2(E* XEvR)

For all k,1 € N, we have for example:

E®(k+1) - E®k QF E®k ® E®l - E®(k+l)
E®' = #(E*,R)=E" =E (E®%)® = gD
E®O = R

There exists a canonical isomorphism (E*)®k = (E‘X’k )’P which allows us to identify these two
vector spaces.

We define:
yk,lE . E®k ® (E*)®l

Thus, we construct the set:
JE:=@ I"E.
k,1>0

e The elements of 7*E := 7*0F (with k > 0) are called contravariant tensors.
e The elements of 7% E (with [ > 0) are called covariant tensors.
e The elements of 7*!E (with k,I > 0) are called mixed tensors.

Naturally, we define addition and scalar multiplication between tensors of the same type, making the
triple (JE, +,-) an R-vector space. A tensor T of type (k,l) admits a unique decomposition of the form:

T=T; e ®®e; ® @@ el

We say that this is the decomposition of 7" in the bases % and £#*.
Below, we define a multiplication operation.

Definition 1.1.2.3: Tensor Products

Let x1,...,z; € E and o', ..., ¢* € E*. We have an element:

$1®"'®$k®¢1®'”®¢l c yk,ZE:: E®k®(E*)®l

Practical Calculations in General Relativity 10 David Pigeon
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defined for all ¢',...,¢" € E* and y1,...,y; € E by:

ko 1
($1 ® - ® T ®¢1 ®...®¢l) (qSl,...,(;Sk,yl,...,yl) = Hqﬁz(xl) X H¢7(y])
i1 j=1

This product generalizes by linearity to arbitrary multilinear forms. Therefore, the product S ® T' of
tensors of order (ki,l1) and (kg,l2) is of order (ky + ko, 11 +12).

Example 1.1.2.4: Simple Examples of Tensor Products

(1) The product of z,y € E is an element z®@y € E® E = % (E* x E*,R) defined by:
Vo, e B, (z@y)(9,¢) = d(2)d(y).

(2) The product of ¢,1) € E* is an element ¢ ® ) € E* @ E* = % (E x E,R) defined by:
Va,y e E, (9@ ¢)(z,y) = ¢(x)P(y).

(3) The product of xz € E and ¢ € E* is an element 2 ® 1) ¢ E® E* = %(E* x E,R) defined by:

VoeE",Vy e E, (z®v)(,y) = ()P (y).

These products are associative, non-commutative, and distributive with respect to +.
The quadruple (JE,+,-,®) is thus a graded R-algebra.
We conclude this subsection with the contraction of tensors.

Definition 1.1.2.5: Contractions of Tensors

Let Ti=2,® - Q,0y' ®--- @y 6E®k®(E*)®l be a tensor of type (k,l) with k,0>1,i€{1,...,k},
and j € {1,...,l}. The contraction of 7" along indices i and j is the tensor:

[T]§'=yj(:ci)x1®---®xi_1 ®1i:1® 01,0y ® -0y ey le ey

It is a tensor of type (k—1,1-1).

These contractions are associative and distributive with respect to +. It can be shown that they are
independent of the chosen basis.

Example 1.1.2.6: Trace of a (1,1) Tensor

Let T € 7' E be a tensor of type (1,1). Since
IJ'E=E®E*=%(E)

T can also be viewed as a linear map on E. Let’s denote its decomposition in the bases % and %£*
as: ‘ .
T:= T} e; ® el

The trace of T is defined as:
tr(T) = [T]}.

David Pigeon 11 Practical Calculations in General Relativity
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Therefore, we have:

tr(T) = [Ty
= T;-ej(ei)
-1}
= T;

This definition is the same as the standard definition of trace for an endomorphism. The trace is
independent of the chosen basis.

1.1.3 Tensor Fields

We denote 7'M the set of real tensor fields on M of type (k,1), i.e., the set of fields & such that at
each point p € M, we have a tensor .o, of type (k,l). Thus, we have a k-linear map:

oy (T,M)* x (Tr M) — R

using the equality:
THT,M = (T,M)®* & (T M)
We denote 7 M the set of tensor fields on M:

ITM = || T M.
k,1>0

All the operations defined on tensors in the previous subsection extend naturally to tensor fields.

Example 1.1.3.1: Examples of Tensor Fields

1) A scalar field is a tensor field of type (0,0).

(1)

(2) A vector field is a tensor field of type (1,0).

(3) A covector field or 1-form is a tensor field of type (0,1).

(4) A linear map from M to M (i.e., for each p € M, there is a linear map from T, M) can be seen
as a tensor of type (1,1).

Definition 1.1.3.2: Examples of Tensor Fields

A spacetime metric (of signature (1, 3)) is a tensor field g of type (0,2) such that for every p € M:

(i) gp is symmetric, i.e., for all vector fields X and Y and every p € M, we have:
9p(X(p),Y(p)) = 9p(Y (p), X (p)).
(ii) gp is nonsingular, i.e., for all vector fields X and Y and every p € M, we have:

9p(X(p),Y(p)) =0r = X(p)=0r,m v Y(p) =070

(iii) gp has signature (1,3), i.e., there exists a basis %, of T, M such that

1 0 0 0
0 -1 0 0
Atz @9 =1y o -1 0
00 0 -1

Practical Calculations in General Relativity 12 David Pigeon
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We then say that the pair (M, g) is a spacetime manifold or Lorentzian manifold of signature
(1,3).

e

From now on, we omit the letter ”p”. For example, we say that g is symmetric and write g(X,Y") =
9(Y, X) instead of g,(X(p),Y(p)) = gp(Y (p), X (p))-

Example 1.1.3.3: Spherically Symmetric Metrics

(1) Metric on the unit 2-sphere. Consider the unit 2-sphere in R3:
S?:= {(az,y,z) R, 224?422 = 1}.
The change of variables between Cartesian and spherical coordinates is given by:

f+ 10,7[x[0,2x[ — S?cR3
(9, p) — (2,9, 2) := (sinv cos ¢, sin ¥ sin ¢, cos ¥)

The Jacobian matrix of the change of variables is:

Jr Oz

o9  9¢ costvcosy —sindsing
|9 Ov|_ . :
J &= %ﬂ g¢ =| cos¥siny sindcosp
z z — Q]
5 9 sin 0

Let:
d=dz®dr+dy®dy+dz®dz

and hg := f*d be the metric on the unit 2-sphere induced by é through the parameterization f.

Since:
1 00
.//fat(3$73y’32)(5)213 =10 1 0 9
0 0 1
we have:
Mat,0,)(ha) =" JMat(y, 5,0.)(0)]
=t JI3J
costvcosy cosvsing —sind 100 COSﬁCPS(‘O —§1n19$1n<p
=\ _sin9si in o 0 0 1 0]]cosdsing sindcosep
sin¥sing sindcos ¢ DT i 0

(10
“\0 sin?9

he = dd ® dd + sin? 9 dp ® dyp

So we have:

(2) Transformation from Cartesian to Spherical Coordinates. The metric 7 in the ¢ basis

is given by:
n=dz’®dz® - dz! @ dz' - dz? ® da? - dz® ® d2?
So we have:
1 0 0 O
0 -1 0 O
N(ta” T Mat(ﬁ(n) - O O -1 0
0 0 0 -1

David Pigeon 13 Practical Calculations in General Relativity
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The change of variables from Cartesian to spherical coordinates is given by:

V=t

z! = rsindcosp

z2 := rsindsin g

3 = rcos?d

The Jacobian matrix of the coordinate transformation is:

02 9% 02° 9a®

ot or 99 Op 1 0 0 0
ozl 9x!  9x! 9zl ind 9 indsi
J=| o or er ae|_ 0 sindcose rcostvcosp —rsindsinp
_3(% _353 _3529 _%95 0 sindsing rcosvsing rsindcosp
r o .
9z®  9a® 923  9ad 0 cos v —rsin 0

ot or 99 Oy

Let’s define:
B = (87558T7819’8<p) ; B = (8t,8r,819,8¢)

For simplicity, let’s define:
Ng :=Matgz(n), c(9) = cos?, s(I) :=sind, c(p) :=cosp, s(p) :=sinep

By change of basis, we have:

Ng
='JNgJ
1 0 0 0 1 0 0 O 1 0 0 0
|0 s(@)elp)  s(@)s(e) (@) [J0 -1 0 00 s(D)ec(p) re(@)e(e) -rs(P)s(p)
0 re()e(e) re(P)s(e) -rs(@)||0 0 -1 0|10 s(P)s(e) re(P)s(e) rs(P)e(p)
0 -rs(¥)s(p) rs(F)e(p) 0 0 0 0 -1/\0 c() -rs(19) 0
1 0 0 0 1 0 0 0
|0 =s(@)e(p)  =s(W)s(e) —c(P) |10 s(P)c(p) re(@)e(p) -rs(d)s(p)
0 -re(@)e(p) -re(P)s(p) rs(d) [|0 s(P)s(e) re(P)s(e)  rs(P)e(p)
0 rs(?)s(ep) -rs(?)c(p) 0 0 c(9) —rs(19) 0
1 0 0 0
o -1 0 0
o 0o -2 0
0 0 0 -r’sin®9
So we have:

n=dz® ®dz? - dz! @ dz! - dz? ® da? - d2® @ da?
= dt ® dt — dr ® dr — r2d9 ® d - r* sin® 9dp ® dy

1.1.4 The diagonal metric of the text

Let’s recall what has been defined.

e A differential manifold M of dimension 4.
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e At each point p of M, we have a chart of M of the form:
(U, = (2,21, 2%, 23))

on which we will perform calculations.

o € = (09,01,02,03) is the basis of vector fields on U associated with the coordinates x := (20, z!, 22, 23),

i.e., we have:

0

0= Oxt’

o € :=(dz, dx?, da®, dz) is the dual basis associated with € of covector fields, i.e., we have:
dl‘l (8]) = (5;
We omit the ”p” in the notations as well as the "U”.

We have a metric g on M that is an spacetime metric (of signature (1,3)) and is locally given by the
form:

g =Nk (e“’“(x)da:k) ® (e“’“(m)da}k)
= nke%k(w)dxk ® dz*
= e2u0(@) 420 @ dz — 21 () gyl @ dgt — e2%2(®) 42 @ da? — 23 433 @ da®
where
1 ifi=

-1 otherwise 0 otherwise

1 ifk:=0 i i ij
nk::{ » i = 05mi 5 0= 6% =0 =={
We also denote:

e the components of g as:
g;j = 9 (95, 05) = nyge™ ™

e the metric:
n= nkdxk ® dz*
=dz’ ® dz° - dz' ® dz' - d2? ® da? - da® ® da®

and thus we have:
nij =1 (0, 0;) .

e the derivatives:
82ui
oxkoxt”

8’11,1'

_ 92 .
% y  Ugkl = aklui =

Uk = Opuy =

We will omit the variable ”x” in the functions u; from now on.

Example 1.1.4.1: Example of the metric h

In this text, we will consider the following diagonal metric h as an example:

h =N dt @ dt - M dr @ dr - 1% (49 ® o + sin® ¥dyp ® dp)
= 2Nt @ dt — 2N dr @ dr — r2e? B g

where:
hq = dY ® d9 + sin? 9dy ® dp

is the metric on the unit 2-sphere in spherical coordinates (see point (2) of Example 1.1.3.3). We are
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considering the case where:
(x07x17x27x3) o= (t7 T7/l97 ¢)‘

and
uo(t,r) = u(t,r)
ur(t,r) =v(t,r)
ug(t,r) = b(t) +1In(r)
us(t,r, ) == 0b(t) + In(r) + Insin(F)

For indices or exponents, we use the notation:
(07 ]" 27 3) = (t7 T? 19’ ¢)

Derivatives with respect to t are denoted with a dot (e.g., @ and ), and derivatives with respect to
r are denoted with a prime (e.g., u’ and u').
This metric allows us to consider two common cases in the next chapter.

(a) The interior and exterior Schwarzschild metrics (SCHW), and the Reissner—Nordstrém
metric (RN) correspond to the case where:

b=0.

(b) The Friedmann—Lemaitre-Robertson—Walker metric (FLRW) corresponds to the case
where:
w=u"=0 , v(t,r)=0v(r)+b(t).

1.1.5 Orthonormalization
The basis % is not orthonormal for g in general, meaning that we generally have:
9(0:,05) = gi; # nij-
We will construct an orthonormal basis €, := (6, 01,02, 63) associated with €. Let us define:
0 == f*0),.

We want to have:

e = 9 O 00) = 9 (F0h, £500) = (F5) 9 (0. 0k) = (FF) g

Mk 1 —up
fk’ — IR = e Uk
V 8t gkl

O = f50), =

Thus, we have:

Therefore, we have:

O = e “* 0 (1.1.5.1)
[:3%%

We denote € := (0°,60%,62%,0%) as the dual basis associated with €, , where:
0" = fr.dat.
Thus, we have:
L=0%(0y) = frda (f10%) = f* frda® (k) = f* i

Therefore, we have:

fio= (F4) 7 = e,
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Thus, we have:
0% = frdat = e da®, (1.1.5.2)

Consequently, we have:

g=0"00"-0'00' -0 00> -0* 6> =nof 06" =10 © 6.

Example 1.1.5.1: Extension 1 of the metric h

Let’s continue with the example of the metric h (see 1.1.4.1) with:

uo(t,r) :=u(t,r) uy(t,r) =v(t,r)
ug(t,r) = b(t) +1n(r) ug(t,r,9) =b(t) + In(r) + Insin()

We denote:
%J_ = (907 91, 92, 03) = (Htv 97‘7 0197 0¢)

the orthonormal basis associated with:
’% = (807 ala 825 83) = (ata 87"7 8195 8(;3)

and
B = (6°,01,6%,6%) = (6,67,6°,0°)

the dual basis associated with %,. We have:

0; =0y =e "0 0, =01 =e "0

s =02 =7"1e 0, 0y =03 = r~Lsin! 19€_b8¢
0! = 0° = evdt 0" = 0 = evdr

67 = 62 = re?dy 0% = 6% = rsinde?dg

Thus, we have:

h=0"00"-0"060 —0°®0" - 0% 2 0°.

1.1.6 The bases & and &*

For the rest of the discussion, we define:
e & :=(eg,e1,e2,e3) as a basis of vector fields on M;
o & := (% el e?,e3) as the dual basis associated with &, i.e., we have:
ei(ej) = 5;
The bases & and & will be used to handle the general case. Let’s define:
gi; = 9(ei ¢))

which means that we can write:
g=gije' ®¢’.

It is important to note that unlike ¥ and %, the metric g is not diagonal in &, i.e., we can have:

1#+7) A gz-thO.
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1.1.7 Tensor Notations

Let <7 be a tensor field of type (k,l). We denote:

JiJk ._ J1 Jk o, .
Ai1~~-z‘l .—sz(e s, € ,e“,...,e”)

Al = o (da?, L dat 0y, 0;)

-
Azlljk = JZ{(ejla'"aejkyaeilv‘"797;1)

4

We will use specific letters depending on the basis used to calculate the components of the tensor fields.
Here is a table explaining the letter conventions used:

Tensor Fields | In & and & Bases | In 4 and ¢* Bases | In ¥, and ¢ Bases

R. b, T,... R, GT,... R, G, T,... R, G, T,...

Thus, we have the following decompositions:

A =AlT e @@, @M @@

B

o = AT 9 @00, ®dr! @@ da

1

A=A @ 00;, @0 @00

B

Proposition 1.1.7.1: Relations between components

We have:

. l k .
dide — o | adiedn
Ail"'il = exp ( Z U, Z:lujn)Ail...il .
n=

n=1

Proof. We have:

J1d i i
Ay 05, ® 00, ®dz" @ ®@dz”

=g/

ZAJL Tk i i

=A; 5 0, © 00,00 ®--00"

:Afllilk €0, ® e kd; ®e'1dz" @ @ e"ida"

(AR

l k o A A
:exp(z Ui, = ujn)Aj.l"'qk 0j, ®®0;, ®dz" ®-- ®dz"
n=1 n=1

Thus, by the uniqueness of the decomposition of 7 in the ¥ and €* bases, we have:

4 I k o
J1dk _ o , J1--k
Ailu_il = exp(zzlu,n Z:lujn)Ailmil .
n= n=

In the following example, we provide the main tensor fields studied in this chapter.
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Example 1.1.7.2: Common examples

(1) The curvature tensor decomposes as follows:

%:Rijkl ;0 @k ® e

X = Rijkl 0; ® dCCj ® dwk ® dxl

Z=R'j 0,060 @00
Thus, by the previous proposition 1.1.7.1, we have:

7 — Ui+ U+ UL U T
Rjgy = e TR .

(2) The Riemann tensor decomposes as follows:
Zm = Rijn cdee®c ®é
Fm = Rij dr’ ® d2’ ® dz* @ dat
Fm =Ry 006" @0 @0
Thus, by the previous proposition 1.1.7.1, we have:
u,-+uj+uk+ulR

Rijri=e¢ ijhl-

(3) The Ricci tensor decomposes as follows:

Fic =Ry e ®e
Fic = Ry dz’ ® da!
Fic=R; ¢ ® 0!

Thus, by the previous proposition 1.1.7.1, we have:

le = euj+ulel.

(4) The Einstein tensor decomposes as follows:

gZG]’l ej®el
9 =Gy do’ ® da
G =Gy 0 @0

Thus, by the previous proposition 1.1.7.1, we have:

Gjl = euj+ul Gjl-

1.1.8 Lowering indices with the tensor g

In this subsection, we define an operation that lowers indices. We recall that:
g=gije ®¢

where:

gij = g(ei,ej).
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Example 1.1.8.1: A simple calculation

Consider two vector fields X := X¥e, and Y := Y'e;. Let’s calculate g(X,Y) using the given decom-
position of g. We have:

9(X,Y) = gijei ® el (Xkek,Ylel)
= g,'je" (Xkek) el (Ylel)
= ginleei (er) € ()
= gi; X*v'5} 67
= guX"Y'

Definition 1.1.8.2: Lowering of the i-th index

The natural isomorphism associated with g is the flat musical application a, defined as:

a,: TM —> T*M
X > Yeog(X)Y)

We also denote, for any vector field X:

X" = ay(X).
Notation 1.1.8.3: Common notations
Let X := X’e; be a vector field. We define:

Xi = X"(ei)
i.e., we have: '

)(b = Xiez.
Since:
ag(ei)(ej) = gleis ;) = &ij

we have:

ag(e;) = gijej

and by linearity, we have:

X =ay(X)
=ay (Xzel)
= Xiag(ei)
= Xigijej .

Thus, by the uniqueness of the decomposition, we have:

Xj = ng”

In matrix form, we have:

G = Maty g (ag) = Mate(g) = (8;7),; -
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Example 1.1.8.4: Example of a, and g in the bases ¢ and ¢,

(1) In €, we have:

gij = Mije "
Thus, we have:
eto 0 0 0
0 -e*t 0 0
%at%,%ﬁ* (ag) - %at(g(g) - 0 0 _euz 0
0 0 0 —e¥s
(2) In %, we have:
1 0 0 0
0 -1 0 O
///at%,%f(ag) :%atfl(g) = 0 0 -1 0
0O 0 0 -1

Definition 1.1.8.5: Flat musical isomorphism

Let <7 be a tensor field of type (k,l) with k> 1 and n € {1,...,k}. The n-lowered tensor field of
</ is the tensor field [« ], of type (k—1,1+1) defined for all covector fields a1, ..., Qn-1, Xni1,- -, 0
and vector fields Xj,..., X as:

[M]n (Oél,...,Oén_l,()én+1,...,Oék,X0,...,Xl) ::g(XO,.d(Oél,...,an_l,.,an+1,...,ak,Xl,...,Xl)).

We have the following relation:
[JZ{]n (Oél,.. 3 Op—1,0n41, .- ,Oék,Xo,. .. >Xl) = ag (,Qf (051,... s 1,9, 041, ..,Ozk,Xl,. ..,Xl)) (Xo) .

The following proposition shows why the term ”lowered” has been used.

Proposition 1.1.8.6: Lowering of the n-th index

Let <7 be a tensor field of type (k,l) with k> 1 and n € {1,...,k}. Define:
JiJk ._ J1 Jk o, )
Ai1~-~iz .—m/(e e, € ,e“,...,e”)
JiJn-1Jn+1Jk ._ J1 Jn-1 ,Jn+l Jk . ) )
AJ I =[], (7,01 e ek e e, €)
Then we have:
J1In-1Jn+1""Jk _ AJ1Jn-1MJnt1-Jk gy
Ajnir"iz = Air"iz gmji, -
Proof. We have:
JiJn-1Jn+1Jk _ Ji Jn-1 oin+l Jk 0. o )
Ajily " —[%]n(e s, el e ,ejn,e“,...,e”)
_ . j1 in—1 jn+1 ik L. .
—g(e]n,;z/(ej oo, el e el ) ,e”,...,e”))
_ ) J1In-1MJn+1°Jk
=g (e]naAil...il em)
— jl"'jn—lmjn+l"'jk .
- Ail"'il g (ejn? em)
— jl"'jnflmjnJrl"'jk A
= Ai1~~-il &mjy,

Since g is diagonal in the bases ¥ and %, we have the following result.
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Corollary 1.1.8.7: Lowering of the n-th index

Let <7 be a tensor field of type (k,l). Then we have:

JUJn-1dn+10k _ o 25, AJ1 Tk
Jni1-i = Mjn € nAil"'il
JUdn-1Jn+1Jk _ .. AJ1TE
it i Mjn 344y

Example 1.1.8.8: Two simple examples

(1) Let o := A’je; ® ¢/ be a tensor field of type (1,1). We denote:
Ay =[] (er,er)

which means:
[d]l = Ay ek ® el.

Since:
[%]1 (X’Y) = g(de(.’Y))
and
o (o,¢) =A'je’ (e)) e
= AZJ(SZJGZ
=A' ¢
we have:

Ay =[] (ex, e1)
=g (ex, & (o,€1))
=g (e, A"l &)
= A"1g (ex, €i)

= A'igs
For example, we have:
Ari = niif'y
=AY
Ap =g A
= g A"
= e AF)

(2) Let X :=X'e; be a vector field, 4.e., X is a tensor field of type (1,0). We denote:
Xk = [X]l (ek)

which means:

X’ = [X]1 :stek
Thus, we have:
X = [X]; (ex)
=g (e, X)
=g (ek,Xiei)
= Xig (ex,e:)
= Xigki
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For example, we have:
X, = X' s
= X"
Xk = Xlgkz
= X" g
=7 e2uka

1.1.9 Raising indices with the tensor ¢*

In this subsection, we define an operation that raises indices.

Definition 1.1.9.1: The sharp musical isomorphism

The sharp musical isomorphism associated with g is the inverse mapping a;l of a, defined by:

ajl: T"M — TM

We also denote, for any covector field a:

of = a;l (a).

Notation 1.1.9.2: Definition of a;l and g¢*

(1) We denote: - o
g7 = a;'(e")(¢)

Hence:
a;l(ei) =ge;.
Since:
a;l oag=Idry , ag0 a;l = Idp= s
we have:

Idra(ex) = ey
= r¢)

a,' (ag(ex)) = a;" (grie’)
=g, (<)
= grig’e;

Therefore, by the uniqueness of the decomposition, we have:
grig’ =07,
(2) Let a = a;e’ be a covector field. We define:
o = al(e))

Thus: ‘
al = ale;j.
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Since:
a,'(¢') =g7¢;
we have, by linearity:

-1

al = a, (a)

-1 ;
=a, (aie)
=aya, (¢)
= aigijej.

Hence, by the uniqueness of the decomposition, we have:

aj = aigij.

(3) We associate the (2,0)-type tensor ¢g* to a;l, defined for any covector fields a = a;e’ and 3 := B¢
as:

9" (a, B) := B(a," ().
Thus:
g(¢ ) = (a1 (e1)
= ¢l (g"er)
and by bilinearity:

g*(a’ﬁ) = g*(aieivﬂjej)
=g"(e", ¢! )aiB;
= gljaiﬂj
= a]ﬂj
= aiﬂi

with: A ‘
ae;i=al | Plej=ph

Therefore, we have:

g =glei®e;

Matricially, we have:

G_l = %at%’*,%(agl) = %(ltcg* (g*) = (gl])” :

Example 1.1.9.3: Example of a;l and ¢* in the bases ¢* and ¢

(1) In €, we have:

grig” = 5%
ki = mke“’“
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So we have:
8 _ . Uk
g =ni;€ "

Thus we have:

e vo 0 0 0
Sl ~_ | 0 —e™ 0 0
At (o) =t = )
0 0 0 —e U3
(2) In €, we have:
Orig” = 5]
Oki = NMki
So we have: -
9 = mij.
Thus we have:
1 0 0 0
_ " 0 -1 0 O
%atcgffgl(agl) = %at%ﬂf (g ) = ///at(gl(g) = 0 0 1 0
0 0 0 -1

Definition 1.1.9.4: Raising the n-th index

Let o7 be a tensor field of type (k,l) with I > 1 and n € {1,...,l}. The n-th raised tensor field
of o/ is the tensor field [«7]" of type (k+ 1,1 - 1) defined for any covector fields ag, a1, ..., and
vector fields X1,..., Xn 1, Xn+1,...,X; by:

[%]n(aﬂv"'7ak7X17"'7Xn—1)Xn+17"'7Xl) ::g* (OZOa’Q{(O[la"waanl"~7Xn—17.7X’rL+17'”7Xl))'

These two concepts are then related by:
[Jf]n (al, . .,Ozk,Xl, e aXn—lan+1, e ,Xl) = a;l (% (041, e ,Ozk,Xl e aXn—].7.)X’I’L+17 e ,Xl)) (Ozo) .

The following proposition shows why the term "raised” has been used.

Proposition 1.1.9.5: Raising the n-th index

Let o/ be a tensor field of type (k,l) and n € {1,...,l}. Let’s define:

JiJk ._ J1 Jk . )
Az‘1~~-il = of (e IO ,e“,...,e”)
nJ1Jk o n( in J1 Jk o, ) ) ,
Ai1~~-in_1in+1--~il =[] (e el e e € €y e”)

Then we have:

wivde _ gdede i
117 In—10n+1°""9] L1 -1 Mln41 0]
Proof. We have:
inji-Jk _ n( in 1 Jk o, ) ) )
A i = ] (e e, e e, iy Cinry s €i))
— % (o J1 Jk 0. ) ) )
=g (e",szf(e Y ,e“,...,eln_l,o,elml,...,e”))
— [ oin AJL TR m
=9 (6 A il © )
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- AJ1k *(in m)
A minand (€75€

AT g
11 tn—-1Min+1"2

As ¢ is diagonal in €* and €, we have the following result.

Corollary 1.1.9.6: Raising the i-th index

Let <7 be a tensor field of type (k,l) with [ > 1. Then we have:

inj1Jk _ 4]’1'“]’1@ —2u;

A. . . o = . 3 ;e n

PRy S 10, in
inj1-Jk _ AJ1 Tk —2u;
v . .= A - e n
PRy S i1-ip Win

. J

Therefore, we see that the defined operation raises the indices of a tensor field. Let’s continue the cal-
culations with two simple examples.

Example 1.1.9.7: Two simple examples

(1) Let o := A’je; ® ¢ be a tensor field of type (1,1). We denote:

A= [ (¥, €.

Since:
(] (0, 8) = g" (0, o (B, o))
%(61,0) =Aije,~ (el)ej
:Aijéiej
=Alj Y
we have:

Therefore, for example:
ARL — ki Alj
= A
AR = gki Alj

_ nk6_2UkAlk
(2) Let a:= a;e! be a covector field, i.e., « is a tensor of type (0,1). We denote:
k 1, k
a" :=[a] (e)

Hence, we have:
al = [a], = ey

Practical Calculations in General Relativity 26 David Pigeon



CHAPTER 1. CALCULATIONS OF OBJECTS ASSOCIATED WITH CURVATURE FOR DIAGONAL

METRICS

1.2. CONNECTIONS ASSOCIATED WITH CURVATURE

Thus, we have:

Therefore, for example:

o = [a]' (")
=g (ek,a)
=g" (ek,aiei)
_ aig* (ek,ei)

= gkz

oF = apn
= oy,
oF = ;g
- apgt*

= ke 2uk o

1.2 Connections associated with curvature

1.2.1 Lie Derivative and Lie Bracket

We start by recalling the definition of the Lie derivative and the Lie bracket along a vector field. They
are useful for defining the Levi-Civita connection. We will focus on the derivative of scalar fields. By the
definition of the tangent vector (see 1.1.1.1), we have defined the object ” X (f),” which can be seen as an
action of X on f. This is also known as the Lie derivative of f along X.

Definition 1.2.1.1: Lie Derivative

Let X be a vector field given by X := X7 0j, and let f be a scalar field. The Lie derivative along

X is defined as:

X(f) = X'0:(f)-

Remark 1.2.1.2: Remark on the Lie derivative

We can extend the definition of the Lie derivative along X to QM (the algebra of differential forms

on M) as the unique linear map:

such that:

(i) for any scalar field f, we have:

Lx QM - QM

Lx(f) = X(f) =df (X);

(ii) ZLx is a derivation of the algebra QM i.e.:

Va,BeQM, Zx(anp)=Lx(a)rB+anLx(B);

(iii) the maps Zx and d commute.

We will only use the definition for scalar fields in the following.

David Pigeon
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Lemma 1.2.1.3: Alternative expression for the Lie derivative

Let X be a vector field. We have:
X(f)=df (X).

Proof. Since: ‘
df =0;(f)da"
we have:
df (X)=df (X79;)
= X7df (9;)
= X70;(f)da’ (9;)
= X70,(f)6;
= X'0:(f)
= X(f)

This leads us to the definition of the Lie bracket.

Definition 1.2.1.4: Lie Bracket

Let X and Y be two vector fields. The Lie bracket of X and Y is the map [X, Y] that associates
to any scalar field f the scalar field:

[X,Y](f) = X (Y (f)) - Y (X ()

In particular, by the Schwartz theorem, we have:

[0:, 051 (f) = 9: (0;(f)) = 95 (9i([))
=0ii(f) = 05:(f)
=0

i.e., we have:

[0;,8;] =0. (1.2.1.1)

Lemma 1.2.1.5: Local descriptions

Let X and Y be two vector fields and f be a scalar field.

(i) We have:
Y(X(f))=Y?0,X'0;f + Y/ X'05;f

(ii) We have:
(X, Y](f) = (X70;,Y" -Y70;X") 0 f.

Proof. (i) Since: '
X(f)=X"0:f

we have:
Y(X(f)=Y70; (X'0:f)
=Y70;X'0,f + Y/ X' 0%, f
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(ii) Since:
2 2
ajif - 8ijf =0
we have:
[X,Y](f) = X(Y(f))-Y(X([))
= XI0;Y'0,f + XIY'05f - Y79, X'0,f - Y/ X'05, f
(U0 - Y0,X) 8 X0V (087 -,

Finally, we have the Jacobi identity.

Proposition 1.2.1.6: Jacobi Identity

Let X, Y, and Z be three vector fields. We have:

[Xv [KZ]] + [Y7 [Z’X]] + [Zv [XvY]] =0.

Proof. We have:
(X [V Z]](f) = X((YZ - 2Y)(f)) - (YZ - ZY )(X([))
=X(Y(Z(f))-X(Z(Y () -Y(Z(X(f))+Z(Y(X(f)))
By removing the parentheses and the f, and permuting the variables X, Y, and Z, we have:

[X,[V,Z]]=XYZ-XZY -YZX +ZY X
[Y,[2,X]]=YZX -YXZ-ZXY +XZY
(Z,[X,Y]]=ZXY -Z2YX -XYZ+YXZ

By summing the three equations, we get:

[Xv [KZ]] + [Yv [Z’X]] + [Z’ [va]] =0.

1.2.2 Levi-Civita Connection

We start with a simplified definition of a connection that highlights the two essential properties that will be
used in calculations.

Definition 1.2.2.1: Koszul Connection

A connection V is a linear map that associates a vector field VxY to every pair of vector fields X
and Y, satisfying the following two properties:

(i) (Linearity in X) For any scalar field f and vector fields X and Y, we have:
VixY = fVxY.
(ii) (Leibniz Rule) For any scalar field f and vector fields X and Y, we have:

Vx(fY) =df(X)Y + fUxY =df(X)Y + VyxY.

We then define the Levi-Civita connection as the unique torsion-free and g-parallel connection.
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Proposition 1.2.2.2: The connection associated with g

The Levi-Civita connection is the unique connection V on T'M such that:

(i) V is torsion-free, i.e., for any vector fields X and Y, we have:

VxY -vyX =[X,Y].

(ii) g is parallel, i.e., for any vector fields X, Y, and Z, we have:

Z(g(X,Y))=g(VzX,Y)+g(X,VzY).

Proof. We present a proof by analysis-synthesis.

e Analysis-Uniqueness: Let X and Y be two vector fields on M. Since the metric g is a symmetric
non-degenerate bilinear form, to compute VY, it suffices to have an expression for 2¢g(VxY, Z) for
all vector fields Z. Using bilinearity and symmetry of g, for any vector field Z, we have:

29(VxY,Z)=g(2VxY, Z)
=g(VxY, Z) +g(VxZ,Y) +g(Vy Z,X) + g(Vy X, Z) - g(VzX,Y) - g(VzY, X)
+9(VxY -Vy X, Z)+g(VzX -VxZ,Y)-g(VyZ-VzY,X)
=g(VxY, Z) +g(Y,VxZ) + g(Vy Z,X) + g(Z,Vy X) - g(VzX,Y) - g(X,VzY)
+9([X, Y], Z2) +9([Z, X],Y) - g([Y. Z], X)
=X(9(Y.2))+Y(9(Z,X)) - Z(9(X,Y)) +g([X, Y], 2) + 9([Z, X],Y) - g([Y, Z], X)

Thus, the value of VxY is uniquely determined.

e Synthesis-Existence: For any vector fields X and Y, we define VxY as the unique vector field on
M such that for any vector field Z, we have:

29(VxY, Z) = X(9(Y,2)) + Y (9(%4,X)) - Z(9(X,Y)) +g([X, Y], Z) + 9([Z, X],Y) - g([Y, Z], X).

Let us show that V is indeed a connection on M. For any vector field Z, we have:

(i) For any vector field Z and any scalar field f € €7(X,R), we have:

29(Vx(fY),2) = X(9(fY, 2)) + (fY)(9(Z, X)) - Z2(9(X, fY))
+9([X, Y], 2) +9([Z, X1, 1Y) - g([fY, 2], X)
=df(X)g(Y,2) -df(Z2)g(X,Y) +df(X)g(Y, 2)
+df(2)g(X,Y) + f29(VxY, 2)
=29(df(X)Y + fvxY, Z),

and we also have:

290(VyxY, Z) =(fX)(g(Y,2)) +Y (9(Z, X)) - Z(g(fX,Y))
+9([fX, Y], 2) +g([Z, fX],Y) - g([Y, Z], f X)
=df(Y).9(Z,X)-df(Z).9(X,Y) -df(Y).9(X,2)
+df(2).9(X,Y) + £.29(VxY, 2)
=29(fVxY,Z).

Hence, the result follows from the degeneracy of g.
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(ii) Let’s show that V is torsion-free. For any vector field Z, we have:
+ Z(g(YaX)) _g([Y7X]7Z) _g([Z7Y]7X) +g([X7 Z:|7Y)
:29([X7Y]7Z)
Hence, the result follows from the degeneracy of g.
(iii) Let’s show that g is parallel with respect to V. For any vector field Z, we have:

29(VxY,2) +29(Y,VxZ) =X(g9(Y, Z2)) +Y (9(Z, X)) - Z(9(X,Y)) + g([X, Y], Z)
+9([2,X].Y) - g([Y, 2], X) + X (9(Z,Y)) + Z(9(Y, X))
—Y(Q(X, Z)) +g([X7 Z],Y) +g([Y7X]7Z) —g([Z,Y],X)
=2X(9(Y, 2)).
Hence, the result follows from the degeneracy of g.
Thus, V is the unique Koszul connection satisfying the theorem.
Therefore, we have shown that V satisfies:
QQ(VXY, Z) =X (Q(Y,Z)) +Y(g(ZvX)) - Z(g(va)) +g([X7Y]aZ) +g([Z7X]aY) _g([Y¢ Z]aX)

We extend the definition of the connection to arbitrary tensor fields. For this purpose, we define the

action of V on 1-forms and with respect to the operations + and ®.

Definition 1.2.2.3: Connection on tensors

Let f be a scalar field, A and B be tensor fields, X and Y be vector fields, and « be a covector field.

(i) We denote:

(ii) We denote:
(Vxa) (V)= X (a(Y)) —a(VxY).

(iii) We denote:
Vx(A®B):=(VxA)®B+A® (VxB).

(iv) Suppose A and B are of the same type. We denote:

Vx (A+B) = VXA"'VXB-

We then have the following result, which gives an explicit formula for the action of ¥V on tensor fields.

Proposition 1.2.2.4: Formula for the connection on tensors

Let A be a tensor field of type (k,l). For any covector fields aq,...,q; and any vector fields

X1,...,X,Y, we have:
(VyA) (Oél,.. Oy Xy ,Xl)
ZY(A(OQ,...,Oék,Xl,...,Xl))

—A(Vyal,...,Oék,Xl,...,Xl)—---—A(Oq,...,Vyak,Xl,...,Xl)
—A(Ozl,...,ak,VyXl,...,Xl)—---—A(al,...,Oék,Xl,...,VyXl)
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Proof. We fix Y as a vector field. We prove the result by a double induction on (k,1) € N2. Let 2(k,1) be
the proposition.

(i) Case 2(0,0) true: The result follows directly from the definition of V on vector fields (see point (i)
of Definition 1.2.2.3).

(ii) Case 2(0,1) true = 2(0,l+1) true: Let [ ¢ N and A be a tensor field of type (0,/ +1). Assume
that 2(k,l) is true. Then, by linearity of V (see point (iv) of Definition 1.2.2.3), we can assume that
A contains only one term of the form:

A=A @ - ® el

Let’s define: ‘ ‘
Bi=Ae" ®@---®e".

Therefore, we have:
A=B®e,

Then, by point (iii) of Definition 1.2.2.3, we have:
VyA=Vy (B ® ei”l)
=(VyB)® el + B (Vyei“l)
Using the Leibniz formula, we have:

Y (A(X1, 0, Xi)) = Y (B (X, X0) € (X))
=Y (B(X1,..., X)) €™ (Xp1) + B(X1,..., X)) Y (€ (X141)).
Hence, by 2(0,1) and point (iii) of Definition 1.2.2.3, we have:
(VyA) (X1,..., Xi41)
=(VyB)®@e"! (X1,...,Xpp1) + B® (Vye™) (X1,..., Xi11)
= (VYB) ()(17 R ,Xl) e+l (Xl+1) +B (Xl, e ,Xl) (Vyei“l) (Xl+1)

=Y (B(X1,..., X)) e (Xp1) - B(Vy X1, ..., X)) €™ (X01) = — B(X1,...,Vy X)) e (Xp41)
+ B (X1, X0) (Y (€ (Xih1)) - € (Vy Xi41))
=Y (A(X1, .., X)) - A(Vy Xy, X)) == A(X1, ., Yy X))

Thus, 2(0,1+ 1) is true.

(iii) Cas 2(k,l) vraie = 2(k + 1,1) vraie. Soit (k,!) € N? et un champ tensoriel A de type (k,l).
Supposons que 2(k,1) soit vraie. Alors par linéarité de V (voir le point (iv) de la définition 1.2.2.3),
on peut supposer que A ne contient qu’un seul terme du type :

A=Aej, @@k @ @ e

Posons :
Bi=Aej, ® @@’ @ ®e'.

Donc on a :
A=€jO®B.

On a alors par le point (iii) de la définition 1.2.2.3 :

VyA=Vy (ejo ® B)
= (Vyejo) ® B+ej,® (VyB)

Practical Calculations in General Relativity 32 David Pigeon



CHAPTER 1. CALCULATIONS OF OBJECTS ASSOCIATED WITH CURVATURE FOR DIAGONAL
METRICS 1.2. CONNECTIONS ASSOCIATED WITH CURVATURE

On a par la formule de Leibniz :

Y(A(Oéo,...,Ctk,Xl,...,Xl))
=Y (ejO (QO)B(a17"‘7ak7X17-"7Xl))
:Y(ejo (QO))B(OZIM"7ak7X1>"'7Xl) +Y(B (ah-"7ak>X17-"7Xl))ej0 (OCO)'

Ainsi on a par 2(k,l) et par le point (iii) de la définition 1.2.2.3 :

(VyA4) (ag,...,0n, X1,..., X))
=(Vyej,) ® B(ao, ..., 0, X1,..., X)) +€j, ® (VyB) (a0, .- ., o, X1, ..., X))
=(Vyejy) (o) B(aa,...,ap, X1,...,X1) +€j, (a0) (VyB) (o, .. o, X1, ..., X))
=Y (ej, (a0)) B (o, ... 00, X1,..., X)) + €5, (o) [Y (B (aa,..., 00, X1,...,X]))

-B(Vyaq,...,ap,X1,..., X)) - —-B(aq,...,Vyag, X1,..., X))

-B(a1,..., 0, VyXy,...., X)) = =B(ag,...,ar, X1,...,Vy X)) ]
=Y (A(ag, ..., ap, X1,..., X))

-A(Vyag, ..., 0, X1,..., X)) == A(ag,...,Vyag, X1,..., X))

-A(ag,...,a5, VyX1,...,X;) == A(ag,...,a5, X1,...,Vy X))

So 2(k+1,1) is true.

(iv) By the double induction principle, 2(k,1) is true for all (k,l) € N2,

Notation 1.2.2.5: Notations for components
Let <7 be a tensor field of type (k,l). We will use a component notation for the action of V on ..
(1) Suppose the local description of <7 is given by:

A=A e @ @e;, @l @@l

e

We then write:
JiJk ._ j ]
VAl = Ve (e,...,6 e;,....€;).

iy

(2) Suppose the local description of & is given by:

o =AY 00, ®@di @@ da'l.

i1

We then write: o ‘ ,
VAl = vy of (da', ..., da?*,0;,...,0;).

i1y

(3) Suppose the local description of &7 is given by:

o = AT 0 @ @0, @07 @ @0

11040
We then write: o ‘ ‘
VAT =g o (671,07 ,0;,,...,0;).

1)

Thus, the writing style of the component of o/ indicates whether m refers to e,,, O, or O,,.
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1.2.3 Trace and divergence

Throughout this subsection, we fix a tensor field <7 of type (k,l). We use the notations introduced in tensor

field contraction (see definition 1.1.2.5). We begin with a standard notation for the action of nabla on tensor
fields.

Notation 1.2.3.1: The tensor field V.&/

We denote by V.o the tensor field of type (k,l+ 1) defined by:

V%(Ozl,...,Oék,Xl,...,X“.l) = (VXHlJZf) (al,...,ak,Xl,...,Xl)

Definition 1.2.3.2: Trace of a tensor field

(i) Suppose k,l>1. Let me {1,...,k} and n € {1,...,l}. The trace of </ along (n,m) is given
by:
tr(m?n)% = [%]m

n *

(a) If k:=1 (thus m:= 1), it is simply denoted as:

tr(n),ng = [527]1

(b) If =1 (thus n:=1), it is simply denoted as:
tr(m)@f = [JZ%]T .
(ii) Suppose I > 2 and k:=0. Let m e {1,...,l-1} and n € {1,...,l}. The g-trace of < along

(m,n) is given by: X
trg’(mﬂn),gz{ = [[427]”]

m*

Let’s examine the type of tensor fields appearing in the definitions.
(i) We have:

e o/ is a tensor field of type (k,1).

® tr(,, ) is a tensor field of type (k- 1,1-1).
(ii) We have:

e o/ is a tensor field of type (0,1).

e [/]" is a tensor field of type (1,1-1).

® Ty (m.n)< is a tensor field of type (0,1 -2).

Example 1.2.3.3: Example of the trace of a tensor field of type (1,1)

Let o7 be a tensor field of type (0,2). Suppose that &7 is symmetric, meaning that for all vector
fields X and Y, we have &/ (X,Y) = & (Y, X). Then we have:

(] = [T,

Therefore, we have:
trg7(171),d = trg7(271);2f.

In this case, we simply write:
tI'gf,Qf = tI‘g’(iJ)JZ{.
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Definition 1.2.3.4: Divergence of a tensor field

(i) Suppose k> 1. Let ne{1,...,k}. The divergence of &/ along n is given by:
div(,y o = [V ]}, -
If k:=1 (thus n:=1), it is simply denoted as:
dive/ := divy) o = [V,
(ii) Suppose [ > 1. Let ne {1,...,l}. The g-divergence of &/ along n is given by:
. nil
dlvg,(n)d = [V [ﬂ] ]l+1 :
If [ := 1 (thus n:=1), it is simply denoted as:

divge = divy (1) = [V ], -

Let’s examine the type of tensor fields appearing in the definitions.

(i) We have:

e o/ is a tensor field of type (k,1).

e V.7 is a tensor field of type (k,l+1).

e div(,)« is a tensor field of type (k- 1,1).
(ii) We have:

e o/ is a tensor field of type (k,1).

e [/]" is a tensor field of type (k+1,0-1).

e V[«/]" is a tensor field of type (k+1,1).
o divg ()4 is a tensor field of type (k,l-1).

Example 1.2.3.5: Divergences of a vector field and covector field in ¥ and €

(1) Let X be a vector field given by X := X7 0;. By the definition of a connection, we have:
div(X) = [VX];
= da’ (V&X)
= da' (Vo, (X70;))
= da’ (dX7 (8;) 95 + X7V5,05)
= da' (8;X70; + X7v5,0;)
= 8,-X?5; + XJFL
=0; X"+ Xy,
(2) Let a be a covector field given by « := ajda:j. The divergence of « is defined as:
divgya = dived = div[a]'.
(3) Let o be a tensor field of type (0,2). Suppose that & is symmetric, meaning that for all vector
fields X and Y, we have &/ (X,Y) = &(Y, X). Then we have:

[]' = [«T
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Therefore, we have:
dng7(1)f,<Zf = dng’(Q)%

In this case, we simply write:
divyd :=divy ;).

1.2.4 Definition of the connection in the bases & and &*

The elements V., e; are vector fields and thus they can be expressed in the & basis. Hence the following
definitions.

Definition 1.2.4.1: Rotation coefficients

Let i, j,k € {0,1,2,3}.
(i) The rotation coefficients Iy, are defined as:
T = e (Venej) -
(ii) The matrix of 1-forms of rotation
W= (wij)ij ey (A(D))

is defined as:
wlj = I”kjek.

Thus, we have:
w'j (e) =T,
I‘ikjei = Ve €j = wij (er)ei
Let 4,7,k € {0,1,2,3}.
(1) The elements Vy, 0; are vector fields and thus they can be expressed in the € basis.
(a) The Christoffel symbols I'j; are defined as:
Iy = dz' (V,0;) -
(b) The matrix of 1-forms of Christoffel
w:= (wij)ij € My (AI(U))

is defined as:
i i 3.k
w'j = Mgda™.

Thus, we have:
w'; (B) = T';
Fikjai =Vs,0; = wij (Ok) 0;

(2) The elements Vg, 6; are vector fields and thus they can be expressed in the €, basis.
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(a) The tetradic coefficients of ‘j; are defined as:
" = 0" (Vg,0;) .
(b) The matrix of tetradic 1-forms
o o= ('), € A (A (D)

is defined as:

Thus, we have:

@' (k) = "k
kil = Vo 0 =w"j (O) 6;

The following lemma establishes the relationship between I'Vj,; and 74;.

Lemma 1.2.4.3: Relationship between I'V;; and 7y,

Let 7,7,k € {0,1,2,3} such that i + j.

(i) (a) We have:

, Y , , i
Thj = e (—ujp + TVkj) Dgj = ujpe+e™ i
(b) We have:
% Ui —Uj—Uk T % —w;+uj+tuy 1
kj=¢e" kl“kj ij=6 G kj
(ii) (a) We have:
@l = wl - u; pe Gk Wl =@l +u pda®
J J %k J J T Mk

(b) We have:

L — pUiTUy Z" - —ui+uJ' Z"
w4 =€ Wy wij=e€ W j

. J

Proof. (i) For all scalar fields f and g, and vector fields X and Y, we have:
Vox (fY) = gVx(fY) = gdf(X)Y + fgVxY.
Thus, we have:
Vo, 0j = Veuig, (€740))
=e "d(e7) (O)0j +€ "V, 0;
=~ pe T + e T TR0
=e T | (—ujp + T 05) 05+ > T;0;
i#]
On the other hand, we have:
Vo0 = 'kj0;

= ije_uiai
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By uniqueness of the decomposition, we have for i # j:

and also:

j —u;j —Uj—u j
Tpje ™ = e (—ugp + TV gg)

zkje—ui — 6—uj—ukrzkj

. w i
F]kauj’k-i-e k ]kj

A —ujtu;tug 1
ij=€ PTG TR kj

Hence, the points (a) and (b).

(ii) (a) Using (i.a), we have:

Thus, we have:

J. =y o
wj=w!j—ujre

(b) We have:

Thus, we have:

1.2.5 Practical Calculations of Connection in ¥ and ¥* bases

J. 13, .4,k
w!j =1 p;dx
u j k
= (uj,k + 'k ]kj)dz
= ujpda® + Iy et da®
k j k
= uj7kd:l? + ]kje

— ) k
=w’j+u;pde

—Uf ek

i i ..k
w'j=I1";dx
_ e—u¢+uj~+uk zkje—ukek

=g W +u; wij

R . k
w!j =@ +ujpde

In this subsection, we calculate the Christoffel symbols using a classical approach that relates Fijk to the
tensor fields g and g*. We begin with a proposition that provides an explicit formula for the calculation of
V on a tensor field using the Christoffel symbols.

Let’s start with an example.

Example 1.2.5.1: Calculation Example

(1) We have:

(Vo,da?) (8;) = 0k (da'(8;)) - dz* (V5,0;)
= 0 (85) — T’
= -T%;
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(2) Let a be a covector field given by a := a;dz®. Then, using (1), we have:

(Vo) (05) = (Va, (cudz?)) (8;)
=0 (aidxi(aj)) = aida:i (Va,05)

1A
= 6kaj - OéZ'F kj

(3) Let A be a tensor field given by A := A;ydz’ ® da!. Then, using (1) and (2), we have:

(Va,A) (9,8p) = Vo, (Audz’ ® da') (8}, 8)
= (Va, (Aildxi) ® da:l) (0,0,) + (A Agda’ ® v, (dxl)) (94,0p)
= Vo, (Agdz") (9;)dz'(8p) + Aydz’(9;) Vs, (dz') (8,)
= (O Aj — AgT'ry) 0, — ATt
= O Ajp — Aipl'ej — ATy

Proposition 1.2.5.2: Formula for the Connection on Tensors

Let <7 be a tensor field of type (k,[) with the following local coordinate representation:

o = A Ma ® - ® 0, ®dr" ® - @ dz’.

1177

Then we have:

vajl Jk a A]l Jk

1179 (AR

J1 nj2-j Jk J1Jk-1mn
+I" nmA“ PR -+I nmA“ i

_Tn. Jivdk . _n, Jrgk
r ZlmAmQ ‘i I 1lmA11 EIRY )

Proof. Using the notations 1.2.2.5, we have:
Vi A =y, of (da?, . da?*, 9y, ., 05).

Q1]

We have three relations:

e For any scalar field f, we have:

Vamf = amf

e By the definition of I'";,,, we have:

Vam 81 = Fnzman

e From point (1) of Example 1.2.5.1, we have:

Vo, dz! = -1V, da".
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Therefore, using Proposition 1.2.2.4, we obtain:

Vi AL
=(Vo, A) (da?,....da?*,0;,...,0y)
=Va,, (A(dle,...,dxj’“,f)il,..., i) )
- A(Va,,da’t, ... da?*, 0;,. .., 0;) = = A(da?t, ..., Vg, A2, 0y, ..., 0;))
~A(da?,...,da?*, Ve, 05y, .., 0y) = = A(d2?, ... A2, 0y, ..., Ve, 01)
=Va,, Al
— A(-T7da™, . A2, 0y, ., 0y) — o = A(d2?, L -TVF,,,da”, 0y, )
—A(d2?, . da T O, 0y) = = A (A2, da?r, 0y T On)
=Va,, ATk
+ T A (™, da?, 0y, 0y) + o+ T A (2L ™, 0y, 0y)
~TmA(da?t, o da?*, O, 05) = — T A(d2?, L da?, 0y, Oy)
=0 AL
+ T AT TR e 4 TR, AT
~Tm AR T T AL

We could generalize this result in the bases & and &, but the result is not practical.
The connection V is g-parallel, i.e.,

Vo, 9 = 0.

From this, we deduce the following usual result.

Lemma 1.2.5.3: Expression of Christoffel symbols in terms of the metric

We have:

1.
g = §gzm(gmk,l + Btk ~ Skiym)-

Proof. Using point (3) of Example 1.2.5.1, we have:

0= Val-g (am’ an)
j l
= gmn,i - g]nrzm - gmlrln
Y e

= gmn,i - gpn im gmp n

Hence, we have:

FP

— P
gmn,i - gpn m + gmprin'

By permuting the indices and exponents, we obtain:
(1) Y 8Bmkg T gpkrg)m + gmprfk

(2) © Bmik T gplrzm + gmprzl
(3): rrm =l + Ciplh
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By taking (1) + (2) - (3), we have:

1 . 1 .
_glm(gmk,l + gml,k - gkl,m) = _glm(gpkrfm + gmpl—‘fk + gplrzm + gmpril - gplrglk - gkp]:‘ﬁll)

2 2
1 m 54
= §g 20 8mp
= kagimgmp
= kaéjj
=Ty

From this, we obtain the exact values of T'V;.

Theorem 1.2.5.4: Exact values of IV,

Let 4,7,k € {0,1,2,3} distinct, and [ arbitrary.

(i) We have: ' _
I =T = gy

(ii) We have: .
D55 = —mimjus, =24,
(iii) We have: '
Yy, = 0.

Proof. (i) Since g is symmetric, we have:

1.
Iy = §glm(gml,i +8mij = lim)

1 .
= §gzm(gmi,l + &mii — gil,m)

i
=1

Furthermore, we have:

A
Iy = §glm(gml,i + 8mil = &lim)

1 ..
= 5%“(&'1,1’ + i1~ gli,i)
1 ..

= 5%”&4’,1

= U

(ii) We have:

) 1 .
I = 2 T (&mii * &miyi — Siim)
1 ..
=3 7 (gji,i +8jii ~ gii,j)
1 ..
= _§g]]gii,j

= —nimjug gt
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(iii) Since g is diagonal, we directly have:

. 1 .
My = §gjm(gmk,i + ik ~ Skim)

1 ..
= 58;” (8jk,i + &jik —0)
1 ..
=—g(0+0
58" (0+0)

=0

We denote: ' ' ‘ '
oo TMo1 TPo2 I'os
Mo I'i1 Mg I3

Fi = . . . .
Iy TMa1 T'a2 IMos
M3 IM31 IM3p IMs3
e Case i:=0. We have:
0,0 uo,1 0,2 uo,3
FO _ uO,l ul’06—2u0+2u1 0 0
up,2 0 u2706—2u0+2u2 0
uo,3 0 0 u370€—2u0+ZU3
e Case 7:=1. We have:
u0,16_2U1 +2up uy0 0 0
r!- Uu1,0 U1,1 U1 2 u1,3
- _ —2u1+2us
0 uy,2 uz1€ 0
0 U1 3 0 —U3’1€72u1 +2u3
e Case 7:= 2. We have:
u0,2672u2+2u() 0 U0 0
1"2 0 _U172€—2u2+2u1 U2, 0
U2,0 U2,1 U2,2 U2,3
0 0 U273 _U372€_2u2+2u3
e Case i:= 3. We have:
U0736_2u3+2u0 0 0 u3,0
F3 0 —U1’3€_2u3+2u1 0 u31
0 0 _u2736—2u3+2u2 U39
U3,0 Uu3,1 Uu3,2 Uu3,3

Example 1.2.5.5: Sequence 2 of the metric h

We resume the example with the metric i (see 1.1.4.1 and 1.1.5.1) with:

uo(t,r) =u(t,r) ui(t,r) = v(t,r)
ua(t,r) :=b(t) +1In(r) ug(t,r,9) =b(t) + In(r) + Insin(F)
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We have:
U u' 0 0
F(] ul ,(-}6—2u+2v 0 0
“lo 0 r2be?b-2v 0
0 0 0 r2bsin? Ye2b-2v
u162u—2'u 0 0 0
- ) v’ 0 0
1l 0 0 e 0
0 0 0  -rsin®ge®
0 0 b 0
0 0 rt 0
rz=|;
b r1 0 0
0 O 0 -cosdsind
0 0 0 b
o0 0 0o rt
1o o 0 cot
b r ! cotd 0
Thus, we have:
uda® + u'dxt w'dz® + pe gyl p2peb-2uqy? r2bsin? e 20-2ud 3
e w' e 200 1 pdat 0dx? + v'dz! —re2b-2vq,2 —rsin? Ye2b-2v g3
- bdz? r~1dz? bdz? + r~1dz! — cos ¥ sin ¥da?
bdz? r1dz3 cot ¥dz3 bdz® + r~1dz! + cot ¥da?

We conclude this subsection with another formula for computing the sum Y2, I‘éj.

Proposition 1.2.5.6: Another formula for I' f}

For j €{0,1,2,3}, we have:

Fﬁj =0; (ln \/|detg|) .

=
L0

Proof. We prove the result in two steps:

(1) For any A e GL,(R), we have:
dadet: H v det(A)tr(AH).

(2) We have:
3 .
Y Th =0 (ln ]detg]) .
i=0

(1) We start with a result from linear algebra. We equip .#,,(R) with the Frobenius norm:

VM e M, (R), ||M]| :=+/tr(* M M).
This norm is a sub-multiplicative norm on .#,(R), i.e., we have:

VA, B e dn(R), ||AB|| <||All.[|B]
Let us show that for any A € GL,,(R), we have:

dadet: H v det(A)tr(A™H).
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To do this, let us first calculate the differential of det at I,. Since det is of class ¥, it suffices to
calculate the derivative of det at I,, in an arbitrary direction H € .#,(R). Let H be a real matrix
H e #,(R) with eigenvalues A1, ..., \,. For any real number ¢ in the vicinity of 0, we have:

det(L, +tH) = [J(1+thy) = 1+t Y N + O(?) = 1+ ¢ tr(H) + O(1?).
i=1 i=1
Since the map H + tr(H) is linear, we have:
dr, det: H — tr(H).
Let A € GL,(R). We deduce that for any matrix H € ., (R):
det(A+ H) =det(A(I, + A 1H)
= det(A)det(I, + A H)
= det(A)(det(IL,) +d;, (A H) + o(|| A7 H||))
= det(A) +det(A)tr(AH) + o(||[A" H||) det(A)
Now, ||.|| is a sub-matrix norm, so we have ||A~*H|| < ||A7Y||.||H||. Thus:
o(||[AT H||) det(A) = o(||H]))-
Since the map H ~ det(A)tr(A™H) is linear, we have:
dadet: H v det(A)tr(A™H).
(2) Since:
1
Ffj = égkl (170 + 105 — gt
we have:
N e Ll il il
>Ti= lz_: 3 (g8 + "8 - 8" i)

i=0 i,

[ 3 3

il il
Z g it Z g &~ Z g gz]l
i,1=0 i,1=0 i,1=0

3 3
Z ngglj,i+ Z nggil,] Z g gl]l

i,1=0 i,1=0

N |~

[\Z>|*i

i,1=0
3
Z g gzl,]

[\Z>|*i

Using (1), we have:
9; (det g) dz’ = d(det g)
= (det g) g"dg;,
= (detg) g"g;y Az’

Thus:
gilgil,j d tg ——0; (detg)
Therefore, we have:
3.
Z(:)I‘ﬁj 2d o —0; (detg)
=;8j | det g|
| det g

=0; (ln |detg|) :
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Corollary 1.2.5.7: Alternative formulas for F; ;

O

For j€{0,1,2,3}, we have:

Proof. Since g is diagonal, we have:

3
detg =[Teu
=0
- _€2u0+2u1+2u2+QU3

Thus, we have:

In

And therefore we have:

3 3
Z Féj = Z U, j-
i=0 i=0

|det g| = ugp + w1 + ug + us.

1.2.6 Practical calculations of the connection in the ¢, and % bases

In this subsection, we calculate the tetradic coefficients 7; using the tetrad method. We start with some

simple properties of the symbols 7;; and the 1-forms wij.

Lemma 1.2.6.1: Symmetries of the symbols 7j; and @";

For i,7,k,1€{0,1,2,3}, we have:

(i) We have:
@'y, =~

(ii) We have:

David Pigeon

O = N7 ikj-
(iii) We have: A
w’ j= 0.
(iv) We have: .
Ipg = 0
45 Practical Calculations in General Relativity



CHAPTER 1. CALCULATIONS OF OBJECTS ASSOCIATED WITH CURVATURE FOR DIAGONAL
METRICS 1.2. CONNECTIONS ASSOCIATED WITH CURVATURE

Proof. (i) Since ny; is constant, for any vector field X, we have:

0=Vxnk
=Vx9g Ok, 0)
=9 (VxOk, 01) + g (O, Vx0i)
=g (@' k(X)0:,0,) + g (01, =" 1(X)0;)
= @' 1 (X)g (6:,6) + "1 (X) g (6x, 6:)
=" e (X)) + @' 1(X ) s
= @ | (X ) + " (X )
= (mw@'s + e (X)
Since this is true for any vector field X, we have:

! k
mw ,+mpw =0

Thus, we have:
@'y = —mmp™.
(ii) We have by (i):

%

ki = @' (k) = =nimye i (Ok) = =minj e
(iii) We have by (i): ' . .
@’ j = -nn@’j =@’
Therefore, we have w’ ;=0.
(iv) We have by (iii): ' '
ki =@ (0k) = 0.
0

The following fundamental result establishes the connection between the 1-forms w’; and the functions
u; appearing in the metric. This will allow us to compute the symbols 7j; in terms of these functions. To
do this, we will calculate the 2-forms in two different ways:

do’ e A%(U)
We denote: B o
67" =607 A O*
Thus, we have:
67" = —9"I
07 (0k, 0;) = 0" A 07 (01, 01) = 0° ® 07 (01, 6;) — 07 @ 0" (01, 0;) = 6;,6] — 676, (1.2.6.1)

Proposition 1.2.6.2: Calculation of dé’

For i € {0,1,2,3}, we have:

(i) We have:
d6" = u; je 967",

(ii) We have: ' ' '
de* = —wlj A
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Proof. (i) We have:

de’ = d(f;dz?)
= Gj (fz) dmj A d.’L‘i
= 0; (f;) 6" n 10"
= 9; (") f' 1767 N 6"
= ui7j61‘ie_“j_“i9j AB
= u;je 607 A O

= ume_“j [

(ii) We have fif* = 1, which implies:
fEdfu+ frdfi=0
Thus, we have f*df, = —frdf*. Therefore, we have:

d0" = d(fida") = df; A da’
=dfin [0
= fldfind’
= —f;dfire
=~£;0; (f')da? A 0"
=—fid; (/') 0" n 0/
Using equation (1.2.6.1), we have:

49" (01,6,) 0: = f:£70; (f') 07 A 6" (8k,61) ;
= [i170; (f7) (6107 + 6747.) 0
= 1" (1') 60 = fif'on (1*) O

Using the identity:

Vo0 =V pro, (f'01)
= "o, (f'0))
= R (1) (D) 0+ £F Vo, (1)

and since [0k, d;] = 0, we have:

@' i AT (03, 0,) 0; = ' © 07 (0y,0,) 0; — 07 ® ' (O, 01) 0;
=0 (6) @5 (61) 0; — 6 (6) @' (61) 6
= 6/V,0; — 51V,0;
=V, 0 — Vo, 0k
= fFA(f1) (k) 01+ fE Vo, (01) = F1A(f*) (0) Ok - F* £V, (Ok)
= f* o (£1) 0 - flo (f*) O + f* f [0k, D]
=ffou (f o - flor (f) o
= —d0" (0, 01) 0;

Hence the result, as this holds for any vector fields 0y, 0;, 0;.
O

David Pigeon 47 Practical Calculations in General Relativity



CHAPTER 1. CALCULATIONS OF OBJECTS ASSOCIATED WITH CURVATURE FOR DIAGONAL
METRICS 1.2. CONNECTIONS ASSOCIATED WITH CURVATURE

So we have:

—u2 92,0 -u3 93,0

d@o = UQ7j67uj 9J’0 = uO,167u1(91’0 +up 2€ +up, 3€

det = uy je o>l = u1706_“0¢90’1 + u1726_“292’1 + U173€_u393’1
d92 = u27je_uj 9]’2 = U2706_u090’2 + UQ716_u191’2 + u2’3e_u393’2

d93 = U3,j€_uj 9]’3 = U370€_u090’3 + U371€_u191’3 + U3,2€_u292’3

Example 1.2.6.3: Sequence 3 of the metric h

We revisit the example with the metric A (see 1.1.4.1, 1.1.5.1, and 1.2.5.5) with:

wo(t,r) :=u(t,r) ur(t,r) :=v(t,r)
ug(t,r) = b(t) +1In(r) ug(t,r,9) =b(t) + In(r) + Insin()

We have:

6" = ug e16""
_ u/ever,t
d0” = uy ge 00!
_ befuet,r
d919 = u2,06_u0 90’2 A ’u2716_u10172
_ l’)e—ugt,ﬂ 4 T—le—ver,ﬁ
d6?¢’ = U3706_u0 00’3 + U3,1€_u101’3 + U3 2€

= be 405 + r7Le7VO™? 4 7L cot Ye P

—ug 62,3

We can then deduce the exact values of the symbols 75; and @’ ;j in terms of the elements of the functions
u; appearing in the metric.

Theorem 1.2.6.4: Exact values of 7; and w" §

Let 4,7,k € {0,1,2,3} distinct.
(i) We have:
i = i e
i = —minjui e
Ik =0

(ii) We have:

J.
w’'j=0

7 —Ujint —-uing
W j = U4 € 760 = 1N Uj € i97

Proof. Let’s define the following for the proof:

% %

1. . —Uj
Q'gjt kji— ik s bji =uj e .
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Using the notations and the previous proposition 1.2.6.2, we have:

QI — o om0t
bji0’" = u; je 0

=do’
= —wij AN Qj
=~ 08 A0
= > (k= m)0 A0
0<j<k<3
pa— i j’k
= Z a kje .
0<j<k<3
Thus, we have:
(I) for all distinct 4, j, k: ' ‘
O=a'kj= k= "%=0 = ‘= i
(IT) for all distinct i, j: 4
ij = _azjz = Qg
Let’s prove the theorem.
(i) We have the symmetries:
Jo.o— 7. i i ko _ 7.
ki = ik kj = gk > ijg = Tji

We will show that 7; = 0 by demonstrating that 7;; = — 7;;. Using (I) and point (ii) of lemma 1.2.6.1,

we have:
j i
Tki = =ning 'k
i
=-Mny o gk
s R
=TEMNETE gi
k
=Mk ij
== Jipg== Tk
Hence, the result follows from symmetry.
(ii) Since ;; =0, we have:
—u; i i i i
ujje  =bji=—a'ji== Yjit = i
Therefore, we have:
A -Uuj
ij = Uige

(iii) We have by (ii):
jn’ = =157 iij
= —minjui e
(iv) We have:
= b+ 0

—uj nt -u; ng
=u;je 0" —ninjuj e "¢’

O]
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‘We denote:

00 o1 02 03
20 21 22 23
30 31 32 33

Case i := 0. We have:

0 U071€_u1 UO,26_u2 UO’3€_u3
o |0 uype "0 0 0
10 0 UQ,()G_UO 0
0 0 0 U370€_u0
e Case i:=1. We have:
uo,le_“l 0 0 0
1_ ul,ge_“o 0 U1726_u2 U1736_u3
B 0 0 —Ug,le_ul 0
0 0 0 —U,371€_u1
e Case i:=2. We have:
UO’267u2 0 0 0
2 0 ~ur2e "2 0 0
- UQ’(]C_UO Ulee_ul 0 U273€_u3
0 0 0 —U372€_u2
e Case i:=3. We have:
u07367“3 0 0 0
3 0 —U1,36_u3 0 0
B 0 0 —UQ’367u3 ol
U3706_u0 U3716_u1 U3726_u2 0

By Lemma 1.2.4.3, we obtain the values Fijk found in the previous subsection.

Example 1.2.6.5: Sequence 4 of the metric h

We revisit the example with the metric h (see 1.1.4.1, 1.1.5.1, 1.2.5.5, and 1.2.6.3) with:

uo(t,7) :=u(t,r) ur(t,r) =ov(t,r)
ug(t,r) :=b(t) +1In(r) uz(t,r,9) :=0b(t) +In(r) + Insin(J)

Therefore, we have:

o |0 wve™ 0 0
“lo 0 be* 0
0 0 0 be
u'e ™ 0 0 0
L |ve o 0 0
1 o 0 —rlev 0
0 0 0 —r~legv
0 0 0 0
2 | 0 0 0 0
“lbher rlev 0 0
0 0 0 —rlcote™®
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0 0 0 0
3 | O 0 0 0
- . 0 0 0 0
be ™ rlem® plcote® 0

Thus, we have:

0 u'e 60 + pe~ ! be 462 be 463
~ u'e 00 + ve vh! 0 —r~le7vg? —rle7vg3
@ be 462 rleTv6? 0 —r~Lcot e 03
be 463 rleTvg3 r~ ! cot vebg? 0

1.3 Curvature Tensor and Riemann Tensor

1.3.1 Generalities

Definition 1.3.1.1: Curvature mappings

(i) Let X and Y be two vector fields. The curvature mapping associated with X and Y is
the mapping Z(X,Y") defined by:

%(X,Y) = [Vx,VY] - V[va]
That is, for any vector field Z, we associate the vector field:

R(X,Y)Z =VxVyZ-VyVxZ-Vxy)Z.

(ii) The Riemann mapping is the mapping that associates a scalar field to all vector fields X, Y,
Z,and W:
(W, Z, X, Y):=g(W,Z(X,Y)Z).

The mapping Z is a tensor field of type (1,3) and the mapping Zm is a tensor field of type (0,4).

Proposition 1.3.1.2: Usual properties

Let X, Y, Z, W, and T be vector fields.
(i) (First Bianchi identity) We have:
R(XY)Z+R(Y,2)X +R(Z,X)Y =0
Fm(W,Z,X,Y) + Bum(W, X,Y, Z) + Ba(W,Y, Z,X) = 0
(ii) We have:
R(X,Y)Z=-R(Y,X)Z
Fm(W, 2, X,Y) = -Bu(W, Z,Y, X)

(iii) We have:
Fm(W, 2, X,Y) = -RBm(Z,W,X,Y).

(iv) We have:

Zm(W,Z,X,Y) = Zm(X,Y, W, Z).
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(v) (Second Bianchi identity) We have:

(VX%) (Y7 Z) + (vy%) (ZvX) + (VZ'%) (va) =0
VxZu(T, W, Z,Y) + VyBm(T, W, X, Z) + V 28m(T, W, Y, X) = 0
v#m(T,W, Z,Y, X) + VEm(T,W, X, Z,Y) + VEm(T, W, Y, X, Z) = 0

Proof. (i) By the Jacobi identity (see Proposition 1.2.1.6), we have:

R(X, Y7 +R(Y,2)X + B(Z,X)Y
=VxVyZ -VyVxZ -Vixy1Z
+VyVzX -VzVy X - Vy, X
+VzVxY -VxVzY -Vizx)Y
=Vx (VyZ -VzY)+Vy (VzX -VxZ)+Vz(VxY - VyX)
- (VixnZ + Vv X + Vizx)Y)
= (Vx[Y, Z]- V[Y’Z]X) + (Vy[Z,X] — V[Z’X]Y) + (Vz[X,Y] - V[X’Y]Z)
=X, [V, Z]]+ [V, [Z, X]] + [Z,[ X, Y]]
=0

Thus, by linearity of g, we have:

(W, Z,X,Y) + Zm(W, XY, Z) + Zm(W,Y, Z, X)
=g (W, Z(X,Y)Z)+g(W,B(Y,Z)X) +q(W,%(Z,X)Y)
=g(W,2(X,Y)Z +R(Y,Z)X + Z(Z,X)Y)
=g (W.0)
=0

(i) As:
—V[X7y]Z = v_[X7y]Z
=Viv,x14
we have:

H(X,Y)Z=VxVyZ-VyVxZ-Vixy|Z
= - (VyVXZ -VxVyZ - V[Y,X]Z)
--R(Y,X)Z

And thus we have:
Am(W, 2,X,Y) = g (W, Z(X,Y)Z)
:g(W7_‘%(Y7X)Z)

=-g(W,2(Y,X)Z)
= -%m(W,Z,Y,X)

(iii) We have:
X(9(Y,2))=g(VxY,Z) +g(Y,VxZ)
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i.e., we have:

Thus, we have:

(W, Z, X, Y)=g(W,%(X,Y)Z)
=g(W,VxVyZ -VyVxZ -V[xy]Z)
=g(W,VxVyZ) -gW,VyVxZ)-g(W,Vixy1Z)
=[X(g(W,VyZ)) - g(VxW,VyZ)]
-[Y(g(W,Vvx2)) - g(VyW,VxZ)]
- [ XY (9gW, 2)) - g(Vixy W, Z)
=[X(Y(g(W,2))) - X(g(VyW,Z)) - g(VxW,VyZ)]
-[Y(X(g(W,2))) -Y(9(VxW,2)) - g(Vy W, VxZ)]
-[X.Y](g(W, Z)) - 9(Vix W, Z)
=(XY -YX)(g(W,2)) - X(g(VyW,Z)) - g(VxW,Vy Z)
+Y (g(VxW,2)) +g(VyW,VxZ) - [ X, Y ](g(W, Z)) + g(V(x )W, Z)
=X, Y](g(W, Z2)) -g(VxVyW,Z) - g(VxW,Vy Z)
+9(VyVxW,2) + g(VyW,VxZ) - [X,Y](g(W. Z)) + g(V[x,y1W, Z)
== g(VxVYW,2) - g(VxW,Vy Z) + g(VyVxW, Z)
+9(VyW,VxZ) +g(Vixy W, 2)
== [g(VxVyW,Z) - g(VyVxW,Z) - g(Vix W, Z)]
=—g(VxVyW = VyVxW - Vix yW,Z)
=-9(Z,Z(X,Y)W)
- Fn(Z,W,X,Y)

(iv) We have by (i, ii, iii):

2%m(Z, W, X,Y) - 2%m(X,Y, Z, W)
=@m(Z,W, X, Y)+ Zm(W,Z,)Y, X) + Zm(X,Y, W, Z) + Zm(Y, X, Z, W)
=#m(Z, W, X,Y) +Zm(Z, X, Y, W) + Zm(Z,Y, W, X)
+ (W, Z,Y, X))+ Zm(W,Y, X, Z) + Zm(W, X, Z,Y)
+Z( X, Y W, Z)+ Bm( X, W, Z,Y )+ Zm(X,Z,Y, V)
+Z (Y, X, Z, W)+ Zm(Y, Z,W, X))+ Zm(Y, W, X, Z)
- (Zm(Z, X, Y W)+ Zm(Z, Y, W, X)) - (Zm(W,Y, X, Z)+ Zm(W,X,Z,Y))
- (Zm(X, W, Z,)Y)+Zm(X,Z,Y,W))
- (Zn(Y,Z, W, X)+Zm(Y,W, X, 7))
=0+0+0+0
- (Zn(Z, X, Y, W)+ Zm(X, Z, Y, W)) = (Zm(W,Y, X, Z) + Zm(Y, W, X, 7))
- (Zm(X, W, Z,Y)+Zm(W,X,Z,Y))
- (Zn(Y,Z,W, X))+ Zm(Z,Y,W, X))
=0-0-0-0
=0

7.e. we have:

Rm(Z,W,X,Y) = Zm(X,Y, Z,W).
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(v) We have by the action of V on tensor fields (see Proposition 1.2.2.4):

VxR(Y,Z)W +VyR(Z, X)W + V2 R(X,Y)W
=Vx(Z(Y,Z)W) + Vy(Z(Z,X)W) + Vz(R(X,Y)W)
~ R(VxY, )W - R(Y,Vx Z)YW - B(Vy Z, X)W = B(Z,Vy X)W - B(Vz X, Y)W - B(X,V ;Y)W
— R, Z)VxW - R(Z, X)Vy W - B(X,Y )V, W
=(I)
~ (I1)
— (I11)

Let’s calculate elements (II) and (I) separately. We have:

(ID) =2 (VxY,Z)+ Z(Y,VxZ)+ Z(VNy Z,X) + Z(Z,VyX)
+Z(VzX,)Y)+Z(X,VzY)
=A(VxY -Vyv X, Z)+Z(VyZ -VzY,X)
+R(VzX -VxZY)
=X, Y], Z2)+Z([Y,Z],X)+%([Z,X],Y)
=: (IV)

By the Jacobi identity, we have:

Vixv,znW + VivizxnW + Vizix ynW = Vix [v,z)+[vi[z. x 1+ 2 x,y nW
=VoW
-0

Thus, we have:

(1) =V x (Z(Y, Z)W) + Vy (B(Z, X )W) + V 2(Z(X,Y)W)
=VxVyVzW -VxVzVyW +VyVzVxW
- VyVxVzW +VzVxVyW - VzVyVxW
- VxViy,z1W - VyVizxiW - VzVix yiW
=VyVzVxW =VzVyVxW +VzVxVyW
—VxVzVyW +VxVyVzW - VyVx VW
~Viv,2)VxW = Z(X,[Y, Z]) - Vix [v,.yW
~Vizx)VyW - Z(Y,[Z,X]) - Vv zxyW
~VixyVzW - Z(Z,[X,Y]) - VizxyyW
=B, Z)VxW +Z(Z,X)VyW + Z(X,Y)VW
-Z(X, Y, Z))WW -R(Y, [ Z, X)W -2Z(Z,[ X, Y)W
=(II) +2 (Y, Z], X)W +2([Z, X ], Y)W+ 2([X,Y],Z)W
=(III) + (IV)

Therefore, we have:

VxZ(Y,2)+VyZ(Z,X)+Vz2(X,Y) = (1) - (II) - (III)
III) + (IV) = (IV) — (111)

(
0
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We also have:

VxZm(T, W, Z,)Y) =X(Zm(T,W,Z,Y)) - %m(VxT,W,Z,Y) - Zm(T,VxW,Z,Y)
- (T, W.VxZ,Y)-Zm(T,W,Z,VxY)
=X(g(T,2(Z,Y)W)) -Zm((VxT,W,Z,Y) - Zm(T,VxW,ZY)
- Z(T, W, VxZ,Y)-Zm(T,W,Z,VxY)
=g(VxT,2(Z,Y )W)+ g(T,Vx(%(Z,Y)W)) - g(VxT,%(Z,Y)W)
g1, R(Z,Y )V X W) = g(T, B(Vx Z,Y W) - g(T, (2, x Y )W)
=9(T,Vx(Z(Z,Y )W) =R (Z,Y)VxW - R(VNxZ, Y)W - RZ(Z,VxY )W)
=g(T\VxZ(Z,Y)W)
Thus, by permuting X, Z, and Y, we have:
VxZm(T, W, Z,Y )+ VyZm(T,W, X, Z) + VzZm(T,W,Y, X)
=g(T\VxZ(Z,YI)W)+g(T,VyZ(X,Z)W) + g(T,VzZ(Y,X)W)
=g(T\VxZ(Z, Y)W + Wy RZ(Z, X)W +VzZ(Y,X)W)

ZQ(T, O)
)

1.3.2 Computation of components in & and &*

Definition 1.3.2.1: Curvature and Riemann tensors

(i) The components of the curvature tensor in & and &* are given by:
R jii = (% (ex,e1) ¢5)
(ii) The components of the Riemann tensor in & and & are given by:

R'ijkl = #m (€i7€j7ek7el) :

We have the following decompositions:
<%’=Rijkl ;@ @l @é
Zm = Rij ol et®e

There is a simple relation between these two components.

Lemma 1.3.2.2: Relation between the two components

We have:
Rijii = ginR" -

Proof. This follows directly from proposition 1.1.8.6. We provide the proof here for completeness. We have:
Riji = Zm (e;,ej, e, ¢)
=g (ei, Z (ej, ex) e1)
=g(ei,R"jui en)
=R"jug (e en)
= ginR" jii
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O

From proposition 1.3.2.3, we deduce the following proposition.

Proposition 1.3.2.3: Usual properties

Let 7, ,k,1 € {0,1,2,3).
(i) (First Bianchi identity) We have:
R'jp +Rp; +Riyjr = 0
Rijii + Rirj + Rigj = 0
(ii) We have:

R'ju = -R'ju,

Rijii = —Rijik
(iii) We have:

Rijii = —Rjin-
(iv) We have:

Rijir = Rij-

(v) (Second Bianchi identity) We have:

VaRijt + ViRijin + ViRijnk = 0.

Proof. We use proposition 1.3.2.3.
(i) Since:
H(eg,er)ej + % (e, e5)er + % (ej, ex)er

we have:

R ji + Ry + Riyji = €' (Z(en,e1)ej) + €' (Z(er, e5)er) + € (%(ej,ex)er)
= e (A(ex,e)ej + (e e5)er, + R (e, ex)er)
=¢'(0)
=0
Rijri + Rirtj + Rigjr = Zm(e;, e, ex, e) + Zm(e;, ex, €1, €5) + Zm(e;, e, €4, ex)
=0

(ii) We have:

R'ju = (%(er,e)e;)
= ¢ (-Z(er, er)e;)
= —¢' (%1, ex)e;)
=R’

Rijii = Zm(e;, e, ex,ep)
=-%m(e;, €5, e, €r)

=-Rjjix
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(iii) We have:

Riji = Zm(e;, e, ex,e)
= _‘@m(eja €i, €k, €l)
= —Rjin

(iv) We have:

Rijr = Zm(ei, e, ex,€;)
= #m(ey, e, e, €;5)
= Ryij

(v) We have:

vnR’ij‘l + ka'ijln + VZR’Ljnk = vEn'@m(e% €5, €k, 6l) + VCk’@m(eh €5,¢€l, en) + vfil’%m(e’h €j,6€n, ek‘)
=0

This implies the nullity of a class of components.

Corollary 1.3.2.4: Nullities and symmetries of certain components

Let i’j7k7l € {0’ 17273}'

(i) We have:
Rjkii = Riijr = 0.

(ii) We have:
Rijki = Riiij = —Ruiji = —Rinij = —Rijik = —Ryjini = Rjiir = Ragjii-

Proof. (i) We have from point (ii) of proposition 1.3.2.3:
Riju = -Riju

i.e., we have:

Riju = 0.
We have from point (iii) of proposition 1.3.2.3:
Riiki = —Riiki

i.e., we have:

Riix = 0.
(ii) From (i) and point (i) of proposition 1.3.2.3, we have:
0 =Riju +Rinj + R
=0+Riu; + R

i.e., we have:

Riuj = —Rii-
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And we have:

0 = Ryirs + Rirsi + Rtk

=0+ Ririi + Ruir
i.e., we have:
Rikii = —Risik.-
By point (iv) of proposition 1.3.2.3, we have directly:
Riji = Ruij
Rijri = Ruiij

0

(1) (a) The components of the curvature tensor in the bases ¥ and ¢ are:
Rijkl = da (% (0k,0) 0;) .

(b) The components of the Riemann tensor in the bases ¥ and ¢ are:

Rijri = #m (0;,0;,0,0;) .

Therefore, we have the decompositions:

X = Rijkl 0; ® dz’ ® dz" ® da!
Fm = Rij dr’ ® d2’ ® dz* ® da!

By lemma 1.3.2.2, we have the relations:
Rijr = 2inR" jut
= g R' ji
=nie"" R’ jr1
2) (a) The components of the curvature tensor in the bases ¥, and % are:
1
R 5t = 0" (Z (61, 61) 0;) -

(b) The components of the Riemann tensor in the bases ¢, and % are:

Rijkl = #m (9i79j70k70l) :

Therefore, we have the decompositions:
R=R 000 @00
B =R 000" @020
By lemma 1.3.2.2, we have the relations:

Rijrt = 1R’ jig

= iR jig

Practical Calculations in General Relativity 58 David Pigeon



CHAPTER 1. CALCULATIONS OF OBJECTS ASSOCIATED WITH CURVATURE FOR DIAGONAL
METRICS 1.3. CURVATURE TENSOR AND RIEMANN TENSOR

1.3.3 Practical calculations in ¥ and €~

We begin with a proposition that establishes a link between the components of the curvature tensor and the
Christoffel symbols.

Proposition 1.3.3.1: Usual properties

Let i,7,k,01€{0,1,2,3}. We have:

R jj = % = 0T }; + T T — T T .

Proof. By definition of Z#:

X (Ok,01) 05 =V 5,V 9,0; = Vo,V 5,95 = V[5,,0,10
= Vo, (Tji0m) = Vo, (T;0m)
A0 (k) B + TV 5, O, — ALY (01) O + LV 5,0
= KL O + THT 00 = O 0 =TT 0,

Im

Therefore, we have:

Rijkl = d:L‘i (% (Ok, 81) 8)
= dz (akr O+ T O alrma - T3 T7,0n)

Im®n
_ 7 7
= 8k1 ]l - 311 k’] + ]l I km — k?j

Ilm

O

According to Corollary 1.3.2.4, there are only two types of components to calculate, as the others can
be obtained through symmetry: ‘ '
R, RYij.

Theorem 1.3.3.2: Values of the curvature and Riemann tensors

Let i,7,k,1 €{0,1,2,3} distinct, i.e., {0,1,2,3} = {4, 7, k,(}.

(i) We have:
R jit = ~uign + i (w0 = wig) + ug, i
R g1 = —mimje® 2R’ jy
R = —R
Rji; = -R'ju
(ii) We have:
RPjij = = (uigj + w5 (5 — w5)) = mimy (g + w4 (g — wig)) €24972%

2u;—2u 2u;—2u
— MM Ui kg ke = iU g e

and: A ‘
R7iij = —min; R’ jij.

(iii) All other components of the Riemann tensor are zero.
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Proof. (i) We have:

Rijz’l :azF;l - alri] + FZL zm - PZLF;m
== all—‘éj + Fﬁlfﬁj + Fé’l él - ng Z

== Oy (Wij) + Wit g + ujuig — Ui, Ui

== Uj gl + Ui g (Uj,z - Ui,l) UL UL

= =i g+ g (g = i) + g juig

(ii) We have:

i _aTt _ .10 myi _ pmyt
9T — 9. Tt + ™% _TeT TV .
=O,T%; - 0,1, + T, ~TLT% ~ T T,
2u;—2u; 2u;-2u 2
=0; (=minyuzie™™ ") = 05 (uig) + (=thmnjttgme™ ™" Y in — v 5 = wji (~minjuje
21Lj—2’ll,i

2uj—2uy )

== (uigj + i (wig = ujj)) = ning (g +uga (ujs —uig))e

2uj;—2up _ nlnjui,luj,lezuj_Qw

— MM Wi kU k€
J

1.3.4 Practical computations of the curvature 2-form in ¢, and ¢

Let X and Y be two vector fields. For any vector field 0;, the element Z(X,Y")0; is a vector field, so it can
be decomposed in the %, basis. This leads to the definition of the curvature 2-forms.

Definition 1.3.4.1: Curvature applications

Let X and Y be two vector fields, and 7, € {0,1,2,3}. We define the scalar field Q;(X, Y) by:

QUX,Y) = 0" (Z(X,Y)0;).

Thus, we have a 2-form Q; € A%2(U) that associates the scalar field Q;(X ,Y') to every pair of vector fields
X and Y. We have the decomposition:

(X, Y)0; = Q(X,Y)0;.

Lemma 1.3.4.2: Usual properties

Let i7j7k € {07 1727 3}'

(i) We have:

(ii) We have:

(iii) We have:
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Proof. (i) For all vector fields X and Y, we have:

QU(X,Y)0; =R(X,Y)0; = VxVy0; - Vy Vx0; - Vxy19;
=Vx (@'j(Y)0;) - Vy (=" ;(X)6;) - =" ([X,Y])b;
=X (@";(YV)) O + & (Y)Vx O - Y ("(X)) ) - &*;(X)Vx0) - @' ([X,Y])0;
=X (" ;(Y)) 0 + &, (V)@ s (X)0; - Y (0"(X)) 0k — & (X) "t (V) 0; - w5 ([ X, Y ])6;
=X (@'j(Y)) 0 + & (V)& 1 (X)0; - Y (= (X)) 0; - " (X))@', (Y)0; — =5 ([ X, Y])0;
=(X (&";(V)) + ", (V)@ (X) - Y (2'5(X)) - &* (X))@' (V) - =5 ([X,Y])) 6
(X (a'5(V)) - Y («'5(X)) - =" 5([X,Y]) + &" (V)@ (X) - =" (X)'k(Y)) 0;
(dwij(X,Y) + (wik ® wkj - wkj ® wik) (X,Y))6;
= (dwij + ot A wkj) (X,Y)0;

Since this holds for all vector fields X, Y, and 6;, we have the result.
(ii) We have:

—mn ¥k = =i (deo’y, + 0?5 A 'y
= —mnjdw’, - ki’ A '
= d (-meny@’x) = (=mimj=’i) A (~memiw'x)
= dwkj - wij N wki
= dwkj + ki A wij

k
- OF;

(iii) We have by (ii):
OF), = = Q*y, = -2

In other words, we have QF;, = 0.

Lemma 1.3.4.3: Lemma for the computation of the two forms Q;

Let i,7,k,1€{0,1,2,3} distinct such that {0,1,2,3} = {i,4,k,l}, and p,q #i,].
(i) We have:

i pP._ . o Up—Uj LD _ oM . —2up ni,jJ .M . ol o —Ui—Up AP,]J
Wp AW j = Ujplp, j€ 0" — mpnjuipujpe” " PO + minjupiuj pe 6.

(ii) We have:

do’; = (g jq + Ui (Uig = jg)) €T 0" — i (wjig + uji (Ujg — Uig)) e 107

Proof. (i) We have:

i D._ (0. o~ Uphl _ .. o~ Ui gD o~ Ui AP _ . o~ Up Q]
wp/\w]—(u%pe 0" — ninpupe "0 )/\(ume 70" — npnjugpe 9)

— . L, ~Up—Uj 95D _ e 4. e 2Upnlyg en) ony . Wi—Up D]
= Ujplp,j€ 0" = npnjvi pujpe 0" + minjup,iujpe 0"
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(ii) We have:
dwij =d (’U,Z"je_uj 9Z - nmjujﬂ-e‘“i&j)
=d (Uiyje_uj 92) - nmjd (uj,ie_“iej)
=d (’U,Z‘,jeiuj) N 91 + uiyjefujd (91) - T]ﬂ]jd (Uj7i67ui) N 9j - nz'T]jUj7i€7uid (03)
= (ui,jq - umuj,q) e “idz? A «91 + ui,je_uj ui,qe_“qﬁq’i
—miny (Wjiq — wjittig) € “dx? A 07 — mimiug e iug g 0%

= (i jq + wig (ig = wjq)) € 70% — iy (wjiq +uji (g = ig)) € 90%7

Proposition 1.3.4.4: Exact values of the two forms Q;

We have:

= 3 [Cuigp +wig (uip — wjp) = iptp) €907 + 115 (up st — wjip + g (uip — wjip)) €267 ]
D#1,]

+ | Cuigy +uig (wig = usg)) e +mimg (ujai + g (ug = uig)) € + 15 3 mpuipujpe” " (677
D#i,j

Proof. We have:
Q) =dw’; + Y @'y Aw?;
P#i,j
= (wijq +wij (Uig = ujq)) e 0% = minj (wjig + wji (wjq = uig)) e 6%

i L Rupgig L —wi—up g
+ Z w;pupje P I0P —mpniug pugpe” 0™ + ninjug g et T PO
D#L,]J

= (ui7jj + U5 (um- - um)) e Wi Qj’i + (ui’jk + U 5 (Ui,k - uj,k)) e
(g + i (wig = wgp)) e 70 = miny (ujii + wji (uji = i) e 0™
= 1" (ngk +Uj (Uj,k - uzk)) e

TR g g ke

— g gugie” 20 + nimjug g e

= 2 [(igp + wiy (wip = wjp) = s pipj) €I PO = nim; (wjip + ujs (wjp = Uip) = upitjp) €767 |
DP#i,J

—Uj—~Uf ek,i

—u;—ug nk,Jj —u;—uy pl,j
TkgnT =i (g + ug (uge - wig)) e O
—2uy, ni,Jj —u;—ug nk,j

+ U LU € R0+ mimjug ug et R0
T ui,lul,je_w_uj HZ’Z —U;—U] el,]

| Cuigs +uig (wig = usg)) e +mimg (ujai + wga (ug = uig)) € +m5 35 mpuipujpe” " (677
P#Fi,j

Example 1.3.4.5: Sequence 5 of metric h

We continue the example with the metric h (see 1.1.4.1, 1.1.5.1, 1.2.5.5, 1.2.6.3, and 1.2.6.5) with :

uo(t,r) :=u(t,r) uy(t,r) =v(t,r)
ug(t,r) = b(t) +1n(r) ug(t,r,9) =b(t) + In(r) + Insin(F)

e We have :

O = (u,02 +u1 0 (u12 — ug2) — U 2ug o) e “27409%!
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+muno (ug, 102 — w012 + uo1 (U2 —ug2)) e 1 74260

+ (u1,03 +u1 0 (u1,3 — U 3) — U zuzg) e “37u0h>!

+mino (us,1to3 — uo13 +uo 1 (U3 —up3)) e 1743430

+ [(u,00 + 1,0 (u1,0 —u0,0)) €2 +mimo (w011 + o (o1 —u11)) e
~2ua] 0.1

72u1:| 01

+ [770772711,2110,2672“2 + 7073U1,3U0,3€
= [(u1,00 +w1,0 (u1,0 — Uoy0)) €724 +mimo (w11 +uo1 (uo1 —u11))e

= [(v +0(0—u))e 2 - (u" +u (u' - v')) 6721)] g1

72u1] o1

e We have :
Q2 _ —u1—uQ 91,2
0 = (u2,01 +u2y (u2,1 —uo,1) —ug1u10) €

+nano (u1,2t0,1 — up.21 + U2 (ug 1 —ug 1)) e "2 140

+ (u2,03 +U20 (U2’3 - u073) = U273U370) 6—u3—u003,2

—u2-u3 n3,0
+ 1210 (u3,2u0,3 — uo,23 + o2 (ug3 —up3)) e 230

+ [ (uz,00 + 2,0 (u2,0 = 10,0)) €72 + namo (w022 + uo2 (o2 — Uz 2)) €
—2u3] 00,2

—QW] 00,2

—2u
+ [momuz,1uo, 1€ + monzus,suo e

= (u2,0 (u2,1 — u0,1) —u1u1,0) €7 002 + [(ug,00 + un,0 (u2,0 — o)) €
~2u1 60,2

—2u0] 9072

+ Non1U2,1Up,1€
= (b (7‘_1 —u) - 7‘_11')) e uveb2 4 [(b + b(b -1)) e 2 - T_lu'e_%] %2

e We have :

Q3 = (ug 01 +uso (ug1 —ug1) —ug u o) e 174093

+namo (w1 3u0.1 — to31 + o3 (uz 1 —ug1)) e 3741910

+ (uz02 +uz o (us 2 —Up2) — Uz auag) e "2 H0g%3
+ 310 (ug,3u0 2 — 0,32 + Uo,3 (us2 — ug2)) e 4374200

+ [ (us,00 + us,0 (us,0 —u0,0)) € 2" +m3m0 (w033 + o3 (o3 —usz)) e
90,3

—2u3] 03

—-2u —2u
+ [?70771U3,1u0,1€ '+ non2us3 2up,2€ 2]

—Uu1—uo 91,3 —Uu2—uQ 92,3

+ (u3,ous2 — u32u20) €
2u1] 903

= (u3,0 (u3,1 —uo,1) —u3,1u10) €
+ [(u3,oo +ug,0 (u3,0 — u0,0)) e + NoM1U3,1U0,1€
= (b (r_l - u') - 7“_11')) e uUel3 4 [(b +b (b - u)) e 2 r_lu'e_zv] 603

e We have :
Q2 _ —Ug—u1 00,2
1= (ug,10 +u2,1 (u2,0 — u1,0) — u2,0u0,1) €

+n2m1 (o 2u1,0 — u1,20 + u12 (U — u10)) e 27 0g%?

+ (uz13 + U (U3 — u13) — upgugy) e 19>

+m2m (ugour g — w123 +ui2 (ugz—upz))e 27" 31

+ [(U2,11 + U211 (U2,1 - Ul,l)) e 4 n2m (U1,22 + U1 2 (U1,2 - U2,2)) e
—2u3] 91,2

—2”U,2:| 91,2

+ [771770U2,0U1,06_2uo + M173u2,3UL 3€
= (ug.1 (ug0 —u1,0) — ugoug,) e “07419%2
+[(ug,11 + gy (ugn —ur1)) €72 + mimoug ous ge

= (r_l (b - i}) - bu') e v vg02 4 [—7"_1’1),6_2U - 1}66_2u] 612

72u0] gL:2
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e We have :
3 —up-ui n0,3
QF =(us10 +us1 (uso —u1,0) —usoup)e 0“4

+n3m (uo,3u1,0 — w130 +u1 3 (uso —up)) e " 09t

+ (uz 12 +us 1 (usg —ur2) — usqug)e 2711923

+m3m (uggure —ur 32+ ui 3 (uz2 —up))e 372 6>

+ [(ugn1 +us (ugn —uip)) e 2™ +mgm (ur33 +urs (urs —usgs))e
—2u2] 91,3

—2u3] 91,3

—2u
+ [mmousour,oe” > + mimaus ous ge

Tuomu1 003 4 (ug qug e — ugoug ) € 2T HH

2’Lt0] 01,3

= (u3,1 (ug,0 —u1,0) —u3,0u0,1) €
+ [(ugi1 +us (ugn —wr1)) e 2™ +mmousour o€

= (T‘_l (b - 1'1) - bu’) e v vg03 4 [—T_lv'e_2” - 7}66_2"] gl3

e We have :
3 —ug—u2 n0,3
2 = (U3,20 + U3 2 (U3,0 - U270) = u3,0u0,2) e 107420

+13m2 (0,320 — 2,30 + U 3 (U — ugp)) e 374092

+ (uz1 +u3o (us 1 —ug1) —uzupg)e U293

+ a2 (u1 U1 — 231 +u23 (uz g —ug)) e 874192
+[(us20 + us (ug2 —u22)) €72 + 3o (un,ss + uz3 (ug,3 —us3)) e
2u1] 92,3

—2ug] 92,3

_2u —
+ [manous,ouz,0e > + mamiug uz e
—up—u2 0,3 —u1-u2pnl,3
=u3 (ugp —up)e 07207 +uz g (uz1 —ug1)e 20
2\ —2u —2u, —2u 2.3
+[(us,22 + (us2)?) €72 + nanous ouz,pe ™" + mamiug 1us, e > | 6

9 _ N2 9 _
=[—r 2, 2b_(b) 2 4 22, 2v]92,3

1.3.5 Practical computations in 4, and ¢

We start with a link between Rijkl and Q;

Lemma 1.3.5.1: Link with the 2-forms (27}

We have: ' ‘
R®ji1 = 5 (6, 01) -

Proof. By definition of Rijkl, we have:
R’ j1 = 0" (R (6k,01) 0;)
= 0" (9} (0,0, 6))
= QL (01, 00) 6]
=5 (0k, 61)

Therefore, we have:
R'jin = 2 (6, 61)

= dwij (91, 91) + wip A ij (917 91)
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The following lemma gives the value of each term on the right-hand side.

Lemma 1.3.5.2: Preliminary lemma for the calculation of Riemann tensors

Let i, j, k,l such that {0,1,2,3} = {i,4,k,l} and p #1,].
(i) (a) We have:

7 _ <P —Up—U;
@'y AP (05, 01) = 0] us qug e~

(b) We have: A
@'y AP (0:,05) = —mpmjti plijpe P

(ii) (a) We have: ‘
dw'y (6:,00) = = (o +wig (wig = ujg)) e ™.

(b) We have:

—2u;

de’; (0;,0;) = = (wijj + wij (wij —wjj)) e > —mim; (wjis + sz (ujs —uig)) e

Proof. (i) (a) We have:
@'y A (03, 00) =uipupje " (6:,01) ~ mpnjuipujpe” 70" (6:,0)
 itup upe” 6P (6;,6;)
=uipup e 6" (0:,61)

=07 wiug e~

(b) We have:
wip A (0i,05) =uipup e " 0" (0;, 0;) - npnj“imuj,pe_mwi’j (0:,065)
+ mijup e 0P (8;,6;)
= =~ mpiljipujpe” 70" (6;,0;)

_ aps ., 2up
= TpTj Wi, pUjp€

(ii) (a) We have:
dew’; (63, 01) = (i g + wij (ig — jq)) € 7109 (6;,06,)
= 0inj (Wjig + g (Ujq — uig)) e 107 (6;,0;)
= (Ui jq + iy (Uig = ujq)) €97 109 (6;,61)
= — (wigo +wij (wig =) e

(b) We have:

dew'j (05, 05) = (wijq + i j (Uig = wjq)) € 107" (6;,0;)
= minj (Wjig + wji (ujq = uig)) €107 (0, 6;)
== 0 (wijq + i (Uig = ujq)) e ™" = 6ining (ujiq + uji (ujq —uig)) e

= = (wijj +uij (uij —ujj)) e > = mng (Wi +wj,; (wj; —uig)) e 2"

—U;—Uq

We deduce the exact values of the components of the Riemann tensor ]Rijkl.
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Theorem 1.3.5.3: Values of the Riemann tensor

Let 4,4, k,l be such that {0,1,2,3} = {i,7,k,1}.
(i) We have:
R jir = = (g + i (wig = uj0) - uigw ) e
R7 351 = —mni R’ jiy
Ry = Ry
R = -R'ju
(ii) We have:
R jig = = (i g5 + wig (Uig = w5,5)) €% = margy (ugss + wjg (w = wig)) €%
= MU U € = M g e
and: A .
Rz = —mini R’ ;5.
(iii) All other values of the Riemann tensor are zero.
Proof. (i) We have:
R'ji = Qé (0:,01)
= dwij ((9@, 91) + wip AN ij (92, 91)
= dwij (91, 91) + wik A wkj (9“ 91) + wil A wlj (9“ 91)
= - (ui’jl + U 5 (UU - ujJ)) e T 4 ui’luhje_ul_uj
= = (wigo + i (uig = uje) - uggug) e ™
(ii) We have:
R*jij = €25 (65, 0;)
= dwij (92, Hj) + wip N ij (91, 0])
= dwij (9,,(9]) + wik A wkj (92,(9]) + wil N wlj (9,,9])
= — (uij +uig (g —ujg)) e =iy (ugi + g (ujs = uig)) e
— MU R e — g g e
(iii) Since Q¢ =0, we have for all p, ¢:
Rispg = 0.
Since Q; is an alternating form, we have:
quii =0.

Using the general expression found for Q; in Proposition 1.3.4.4, we have Rijkl =0.

The values can be deduced in the case of the metric h.
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Example 1.3.5.4: Sequence 6 of the metric h

We resume the example with the metric b (see 1.1.4.1, 1.1.5.1, 1.2.5.5, 1.2.6.3, 1.2.6.5, and 1.3.4.5)
with:

u(t,r) uy(t,r) =v(t,r)
b(t) +In(r) ug(t,r,9) =0b(t) + In(r) + Insin(F)

uo(t,r):
ug(t,r)

We consider two cases: ‘ ‘
(1) Ry, (2) Ry
(1) Calculations of R;;;.
e Case where ¢ := 0. We have:

R%01 = - (uo,11 + uo1 (w01 —ui,1)) e

—nom (u1,00 +u1,0 (u1,0 — ugp)) e 240

— Moo 21 2¢” 2" — m3miug 3ut 3€” 2
== (U0,11 +Up,1 (Uo,l - Ul,l)) e - o (U1,00 +U1,0 (ul,o - uo,o)) e 2

=— (v +u (u' - v')) e R4 (540 (0 -u))e 2

0

e Case where j:=2,3 (k:=3,2). We have:

R%j0; = = (uo,jj +uo j (uoj —uj;)) e
= non; (w00 + 50 (0 = to,0)) €
— mnju0, U e M = RNt KU ke
= — nom; (w00 +uj0 (W0 — o)) €2 = mmjuo 1 uj e
= (b + b(b - u)) e 2 —plyle
RYj1j = = (un,gj +ua g (ung —ugg)) €72
=y (winn +uj (uin —ug)) e
— Ton;uL,0Uj,0€ "0 = NENjuL KU RE

_ . . . . —2uy . L o2
=—mn; (uzin +ug (ugn —u11)) e " = nomjuroujoe
—2v —2u

uo
Uk

ul

uj

w1

U

uo

=—r e 4 pbe

e Case where 7 := 2. We have:

R2303 = — (ug33 + U3 (ug3 — uz3)) e 2Us

—nons (uz a2 + uz o (uz 2 —ug2)) e 242

—2u —2u
— NoM3U2,0U3,0€ 0 — MN3U,1U3 1€
2\ —2u
== 1213 (U3,22 + (u32) ) e
_2u —
— NoN3UL,0U3,0€  ° — N3UL,1U3 1€

—r2p72b (6)2 o~2U _ 2,20

2uq

The other terms are obtained by symmetry.

2) Calculations of R?.;. We have:
( i

R = = (wa o+ iy (s — wjy) + uggug ;) e ™™

- (ui,j (Ui,l - U_jJ) S “i,lul,j) e Wit
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e Case where j,l =3. We have:

R'jis = — (ui,j (wi3 — u53) +uigug) e ™™ =0

e Case where 7:=0,1 (thus 5,0 =1,0=1-1¢). We have:

Riai = = (ui2 (uig —u,) + uipu,2) €27 = 0
R jiz = = (uij (ui2 —uj2) + uigus) e ™ =0

e Case where ¢ :=3. For j,0=0,1 we have:

R0 = — (us 2 (usy —uzy) —ugjug2) e

=- (u3,2 (U2,l = Uz,l)) e 12

=0

R = = (uzj (ug 2 — uj2) — ug gu ;) e "2
=~ (ugju2 —us2ug ;) e ™"
= — (ug,jus2 —ugpup;j) e
=0

o Case where 7 :=2,3. We have:

Réoi = - (wipo (wi1 —wo,1) —ujiurp)e 07

== (b (r_l - u') - r_liz) e "
—u1—ug

R340 = — (i1 (wio —u1,0) — Uiouo1) e
== (r_l (b — 1')) — u'b) e "

These are the only non-zero terms of the form Rijz‘l.

1.4 Tensor of Ricci

1.4.1 Generalities

The curvature tensor Z is of type (1,3), so we can contract the upper index with the second index.

Definition 1.4.1.1: The Ricci tensor

The Ricci tensor is defined by:
Fic = (R,

That is, for any vector fields Y and Z:

Hic(Y, Z) = (2], (Y, Z).
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1.4.2 Computation of the components in & and &*

Definition 1.4.2.1: The Ricci tensor

The components of the Ricci tensor in & and & are:

le = ,%’ic(ej, 61).

Therefore, we have the decomposition:
ZKic = le e; ®ey.

Next, we demonstrate the usual properties of the Ricci tensor. For part (ii), note that for any vector
fields Y and Z, we have a linear mapping from 7'M (at each point p of M, we have a linear mapping from
T,M):

X —2Z(X,Y)Z.

Thus, we can consider the trace of this linear mapping.

Proposition 1.4.2.2: Usual properties

Let j,k,l,n €{0,1,2,3} and two vector fields Y and Z.

(i) (Symmetry) We have:
R; =Ry;.

(ii) (a) We have:
Ric(Y,Z) =tr (X — Z(X,Y) 7).

(b) We have:

le = leil-
(iii) (Contracted Bianchi identity) We have:

VaRji = ViRjn = ~ViR" ..

Proof. (i) We use the first three points of Proposition 1.3.2.3.

e By point (i), we have:
Rijri + Rigij + Rigjr. = 0
e By point (iii), we have:
9" Ririj = 9" Rinj
= —g" R
= —g" " Rarji
Thus, we have: ‘
"Ry = 0.
e By point (ii), we have:
0 = ¢" (Rijus + Rintj + Ritjr.)
=R+ 0+ R
=R - Ry,
=R - Ry
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Thus, we have:

R; - Ry

(ii) We prove both points simultaneously. Recall that for any endomorphism ¢ of TM, the trace of ¢ is
defined by:

tr(¢) =" (¢(ei)) -
The trace is independent of the chosen basis.
Since: 4
R =Rl pppen €1 @™ @ " @™
we have:
1 )
(Z]5 = R ken ek(ei)em ®e"
=R’ kn 5fem ®c"
= lem e"@e”
Thus, we have:

Hic(ej,ar) = [#], (ej,e1)
= (Rimin e"® e") (ej,€r)
=Rl ukn " (ej)e" (e1)
=R'yin 070]"
=R
On the other hand, we have:
b (X > 2(X, e5)er) = ¢ (B(eps p)er)
=P (Rimlm em(el)ek(ep)e"(ej)ei)
=R’ pukn 07607 €P (e3)
=Ry, 5?
=Ry
=R’
Hence, the result follows from the bilinearity of Zic and (Y, Z) — tr (X — Z(X,Y) 7).
(iii) We use points (ii) and (iv) of Proposition 1.3.2.3.

e By point (iv), we have:
VaRijki + ViRijin + ViRijnk = 0.

VaRijrer + ViRikni + ViRing = 0.
e Thus, with point (ii), we have:
0=¢" (VnRijr + ViRijin + ViRijnk)
= VR0 + ViR i + VIR
=V, Ry + ViR 1 - ViR 1

Thus, we have:
Vnle - Vlen = —kakjln-
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Example 1.4.2.3: Components of the Ricci tensor in bases ¥ and %,

(i) The components of the Ricci tensor in ¥ and ¢ are given by:
R;; = Ry
Thus, we have the decomposition:
Fic =Ry da? ® da'.
(ii) The components of the Ricci tensor in ¥, and ¢ are given by:
R;j = RF ;.
Thus, we have the decomposition:

Ric=Rj;; ¢/ @6

We also have:
Rij = e_ui_uij’j.

1.4.3 Calculation of components in ¥ and ¢*

Lemma 1.4.3.1: Usual properties

We have: | | | |

Proof. By Proposition 1.3.3.1, we have:

Rji = R'ju
= Oy - Ty + T4 TG, - TH T,

Notation 1.4.3.2: Hat notation
We denote:

Y — . 5 e e . = .. A2 — 2 5 e . = . Y D ..
Wiyg -= Z Uk,i Us,j55 = Z Uk, 55 Wj 4 += Z Uk, i Wig,5 *= Z Uk,j Wij,jj += Z Uk,jj
k+i k+i k#1i k+i,j k+i,5

Theorem 1.4.3.3: Exact values of Ry,

Let j,1€{0,1,2,3} be distinct. We have:

Rji =~ Y Up,jt = UjiUp,j — U, jUp,l + Up,jlip]
DEJ,!
o= (B v BB . ine oBie o)) — e . . (& - 2u;j—2uyp
Rjj; = (UJJJ Uy UJJUJJ) 1y Z M [gpp + Wjip (Tpp — Upp)]e
p*]j
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Proof. We have two cases.

e We have:
AT _ AT i P _ i TP
_9.1J I i i T il i
== | D0 wpgt — g, = w gy g
p#j,l
e We have:
L —ATE . — 9., PP it 1tV
Rjj —&FM 8JFJI+F2ijj FﬂFZ] FJ]Fij
2u;-2u; 2u,;-2u 2 2u;—-2u; -
=0; (=njniugae™ ™) = Oui g + wigp (~nympujpe™ ) = ui; = (=mpmiuae™ ) ug

2uj;—2u; 2uj—2up 2uj—2u;

2 2
Uy NN €

—2up+2uJ-

== (i + 2w (g — i) € = Ui,j5 = N Wi ply,p€

. ) “ R
=- (uj»jj T U5 - Uj,j“jJ) -1 Z Np (W) pp + Ujp (Tpp —upp)le
P#j

We will calculate the values of the components of the Ricci tensor in the following subsection.

1.4.4 Calculation of components in ¢, and ¢}

Lemma 1.4.4.1: Usual properties

We have: ' .
le = do.)zj (0“ 0[) + wlk AN wkj (91,91) .

Proof. We have directly:

le = Q; (ezvel)
= dw' (0;,61) + w'x A (0;,61)

We deduce the values of the components of the Ricci tensor.

Theorem 1.4.4.2: Exact values of R,

Let i, j, k,l such that {0,1,2,3} = {i,5,k,l} and p # j,I. We have:

— G — Ay . . . —Uj—Ug
Rj; = Z Up,jl = Uj I Up,j — Ul jUp i+ UpjUpy|€ 7
p*j,l
B . T R/ S . C(h —2up
Rjj; = (uJ,JJ +Uj uJ,Ju]J) e = Z Np (W pp + Ujp (Upp —upp)]e
p#j

Proof. We have two cases.

L] SiHCe:
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we have:
Rji =R
= Z Rpjpl
pEJ,
=—| D Upji— U~ U Uy Up U €7
p*j,l
e Since: ‘
R7jj5 =0
we have:

Rjj =R jp;
=R'jij + Ry + Ry
= — (g +uig (g =) €2 =iy (ugi +ugi (ujs = ugg)) e

2u 2uy

— MM U kUj K€ T = MU U €

= (g +un g (ung = jg)) €2 = memy (wjnn + wik (win —urr)) €
2uy

—2uy,

— Nk e — kg e
- (ul’jj +u (“lJ - ujJ-)) e 2 mn; (uj’ll +Uj (uj’l - Ul,l)) e
— MR e = iy e
== 2 (upgj + tp (upg = ujg)) e

p#j
— MmN [(uj,ll + Ujy (Uj,l + Uk, + U~ uu))] e

N 2 . Ous R
= = (g + 5 5 = g gt5) € =115 3 1p [ujpp + ujp (lipp — upp)] €
p#)

—2ul

—2ul

—2up

We deduce the values of the components for the metric h.

Example 1.4.4.3: Example 7 for the metric h

We revisit the example with the metric A (see 1.1.4.1, 1.1.5.1, 1.2.5.5, 1.2.6.3, 1.2.6.5, 1.3.4.5,
and 1.3.5.4) with:

uo(t, 1) :=u(t,r) ur(t,r) =v(t,r)
ug(t,r) = b(t) +In(r) us(t,r,9) = b(t) + In(r) + Insin(F)

(1) First method. We use Theorem 1.4.3.3. We deal with the off-diagonal elements first, and then
the diagonal elements.

e Off-diagonal zero terms. We have:

—Uu3—u,

Ry =—| D —usgups — watpg +upsup [e 7 =0

| p3,l

o = — —97 - o . . —Uj;—uU3 _

Rjz =~ Y —ujaup,j — ujup3 + upjupa|e 7 "2 = 0.

| P#5,3

—U1—U —Ul1—Uw

Rig=—| > —u12up1 —uz1up2 + up,l“p,?] e T2 = —[—ugugp +uzuzz]e T2 =0

p*l,2
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p+2,0

e Non-zero terms. We have :

=—2[-uypu2,1 — up,1U2,0 + U2, 1U2,0
=-2 [—1')7"_1 -bu + br_l] e 7

=9 [1'}7"_1 +b (u' - r_l)] e

— o [ug1 +u21 (1,1 —ui1)]e

—m3m2 [u3.22 + ug 2 (U2 —u22)]e

(2) Second method. We use definition 1.4.1.1.
e Case j:=0. We have:

0 1 2 3
Roo =Ropoo + Rop1o + Rz + Roso

_mll 2
=Ro10 + 2R

0 1 2 3
Ro1 =Rpo1 + Roi1 + Rogr + Ry
2
:2R021
=2(b(u' —r7 ) +rt)e Y

RO02 =Ry, + Riyg + Rigy + Risy =0

Rio = - [ Y Up,10 = U1,0Up 1 — U0,1Up,0 + Up,1Up0
p+1,0

s= [—Ul,ouz,l —Up,1U2,0 T U2,1U2,0 — UL,0U3,1 — U0, 1U3,0 T U3,1u3,0] e

] e~U1U0

Roo = - [ﬁo,oo + @(2),0 = Uo,oﬁo,o] €720 —nomy [uoa1 + o (411 —u11)]

== [@0,00 + ﬂ%,o — uo,00,0 ] €2 = mom [wo,11 + w01 (41,1 —u1,1)]
=— [v +2b+ (0)% +2 (b)2 — (0 + 2b)] e 2y [w” +u' (u'+ or~ 1 - v")] e
Ryy = —[fig,11 + @%,1 —u1 i, e — mino [u1,00 + 1,0 (tio,0 — o)
—mn2 (U192 + u12 (g2 — uz2)] €22 = mymg [u1 33 + w13 (3,3 — u3.3)
=- [@1,11 W ﬂ%; = ul,lﬂl,l] e —mino [u,00 + 1,0 (tio,0 — U00)
- [u" + (u’)2 - (u' + 27“_1)] e+ [v + 0 (1') +2b- u)] e 2

Rog == (2,20 + ﬁ%g — Ug22,2) €2 = namg [ua,00 + 2,0 (ti0,0 — uo,0)] €

—2u1

—mam [uz,i1 +usy (@1 —uin)] e 2" = namo [us o2 + us 2 (do,2 — un2)

—2usg

—Uu2—Uu —Uu2—Uu
Ry = —|: > —ugupe — Uy + up,QUp,l] e T =~ [—U2,5U3,2 + U3,2U3,z] e =0

] e~U1%0

—u1—uo

-2
e U1

—noma [uo,22 + w02 (2,2 — uz.2)] €72 = noms [uo 33 + uo,3 (Us3 — uzz)] e >

-2
e M

] e—2u0

] e—2uo

0

—mam [ug1 +uza (G —ui,1)] e 2™ —nomg [ugss +uz s (g3 — uzz)] e >

=— (g0 + u%g) €22 — oo [u2,00 + a0 (0,0 — uo0)] €720

=r2e72 4 [b +b (1') +2b - u)] e vt (u' -+ 7‘_1) e %

Ra3 =- (ﬁ3,33 IF ﬁg,g = U3,3ﬂ3,3) €248 — mamo [us,00 +u3.0 (70,0 — 0,0)

:| 6—2uo

=r2e72 4 [b +b (7') +2b - u)] e 2wt (u' -+ T‘_l) e

=(u" +u/(u =) e —(b+0(v-10))e 2" -2 (b +b(b- ) e 2y orlylem®

=—[6+2b+ (9)% + 2(b)® — (v + 2b) | 72 + [u” + /(' + 297 = 0')] ™

2us

le”

2uo

le”

= — 1310 [us,00 + 3,0 (10,0 — w0,0)] €20 — mam [uz 11 +ug1 (411 —ur1)] e

3

3

1
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0 1 2 3
Ros =Rpoz + Rpi3 + Rz + Rz =0
e Case j:=1. We have:

Rio =R + Rip + Rl + Rz

ZQR%m

ZQR(2)21

=Ro1
R :R(l)()l + Rin + R%m + Ri’:ﬂ

:R?m + QR%ZI

= (u" +u/(u' =) e + (5 +0(0 - u)) e

+2r L' e + 20pbe 2

=— [u" + ()2 =o' (v + 27’_1)] e+ [v + (0 +2b - u)] e 2

Ri2 :R(l)OQ + R%m + R%m + R?sz =0

Ri3 =R%103 + R};3 + RIp + R3;5 = 0
e Case j :=2. We have:

Rao :Rgoo + R%w + Rgzo + Rgso =
Ro1 =R301 + R%n + Rgm + Rgm =0
Rao :R(2)02 + R%H + R%zz + ng
:Rgoz + R%l? + R%32
=(b+b(b—-u))e " —u/rte”®
+r e + phe 2
+ 7”_2 + (6)26—2u _ 7“_26_2v
=24 [b + b(v +2b - u)]e_2" - T_l(u' -v' + 7“_1)6_2U

Ro3 :Rgoza + R%lS + Rgz:& + R§33 =0
o Case j:=3. We have:

Rs30 =R§00 + Rzlﬂo + ng + Rg:&o =0
R :Rgm + R%n + R%m + R331 =0
R32 :Rgm + Rzlm + Rgm + R§32 =0
Rs3 :Rgoza + R:In?) + R§23 + Rg:&s

:Rgoz% + R:lm + R%z:s

:Rgm + R%u + R332

=Roo

Therefore, the matrices Rj; and Rj; have the form :

Roo Ror 0 0 Roo Ror 0 0
R. = Rip Ry 0O 0 R = Rio Rin 0 0
710 0 Ry O 9710 0 Ry O
0 0 0 Rgsg 0 0 0 Rss
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with:

Roo = — [#+ 20+ (9)% +2(b) — (v + 2b) | e " + [u” + /(0 + 277" = 0") ] "
Roo = — [0 + 20+ (9)% + 2(b)% — (v + 2b) | + [u” + u/ (' + 277! = 0")] 272"
Ro1 =2(b(u’ —771) + 7 to)e ™

Ro1 =2(b(u' —r71) +r~ 1)

Ry =- [u" + ()2 - (u + 21"_1)] e 2 4 [v +o(v+ 2h — u)] e 2

Ri1=- [U" +(u)? - (u + 2r‘1)] + [v + (0 +2b - u)] e 2utv

Rop =R33 =72 + [b + (0 + 20— a)]e ™ —r (W - v+ )e ™

Rog =1+ 72[b+b(0+2b—0)]e ™ —r(u -0 + 7 H)e ™

R33 = sin2 19R22

1.5 Scalar Curvature

Definition 1.5.0.1: Scalar Curvature

The scalar curvature is defined by:

7 = [[#ic]'], .

Since the operations [OH and [e]' are independent of the chosen basis, .7 is also independent of the
chosen basis.

Proposition 1.5.0.2: Usual Properties

(i) (a) We have:
S = tryic.
(b) We have: ‘
S = g"Ri.
(ii) (Twice Contracted Bianchi Identity)
(a) We have:
I 1
\Y le = §Vj5ﬂ
1
kakj = Qij
1
glelej = §Vj§ﬂ
(b) We have:
[(#ic]']. = ~d5
ic]']y =3
div[Zic]* = %dy
1
divyZic = §d5”
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Proof. (i) Since:

[Zic]' : (a, X) — g" (a, Zic(e, X))
Zic =Ry " el

we have:

e, Ric(e,e;))

and we have:

=¢! ([%ic]l(g ei))
=¢! (le el(ei)ej)
=R/; 6je’ (¢))
=R/, 4
=R}
=g" Ry
(ii) (a) By the twice contracted Bianchi identity (see proposition 1.4.2.2), we have:
VaRji — ViRjn + ViR 1, = 0.
Since:
gnlkaknjl _ gnlgkpka'pnjl
_ gnlva'pnjl
= gnl VPRl
= vpRl}Dlj
= V'Ry;
= Vpij
we then contract:
0= g”l (Vnle - VjRnl + VkRknjl)
=g"'V,Rj - g" ViR + g ViR 0
= Vlel - ij + Vpij

i.e., we have:

1
VZle = évjﬂ.
For the other two equalities, we just need to notice that:
Vlel = glekjo
1
= Eij
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(b) We consider the base €. Since:
1

divyZic = [v [Zic]'],,

we have:
div,Zic(9;) = [V [#ic]'], (9;)
:kakj
1
=§Vj<5ﬂ
1
=5 d7(3)

Since this is true for all j, we have:
1
dng%iC = Edy

Example 1.5.0.3: Examples of calculations in bases ¥ and %,

Therefore, we have: - -

S = g"Rjj = ' Ry;.
We can directly show the last equality without using the invariance under change of basis. Since g
and n;; are diagonal, we have:

7 =g'"Ry
=g’ R;;
= g™ IRy,
=g’ g;;R;;
= 1" R

1.5.1 Practical calculations in ¥ and ¥¢*

Proposition 1.5.1.1: Value in terms of Christoffel symbols

We hayve: ) ) ) )
S =g" (0T} - 0, T}; + T, TP, - I.,I7).

Proof. Using lemma 1.5.0.2, we have:
S = gklel.

Since:
Rig = 0iT — 0T}, + T3, 1%, — T}, T0,
we can conclude that:
S =g" (0T} - 0, T}; + T, TP, - T, Th).

Corollary 1.5.1.2: Exact value

We have:

. o) N N 2\ —ou
S =- an (2uk,kk + uk’k — 2uk7kuk’k + (uhk) )6 L,
k

Practical Calculations in General Relativity 78 David Pigeon



CHAPTER 1. CALCULATIONS OF OBJECTS ASSOCIATED WITH CURVATURE FOR DIAGONAL
METRICS 1.5. SCALAR CURVATURE

Proof. We have:

S =g (0, - OWT}; + T T, — T} Th)
=g (9T, — Oy + Lol = Thal'ir - Dl )

2uk—2ui) 2uk—2up) uk—2ui) —2up

uk’i) €
2uk—2ui) e—2uk

2 2
— Ok + Ui p (—ﬁkﬁpuk,pe I N (_nkniuk,ie

2ug—2u;

=nk (0i (—neniuk e
=0k (=i (ki + 2 (g —uig)) e
= =i (g s+ 2up s (wps —uig)) e

== (i gon + 2w g (wik —ung)) €2 — Ml ke 2" = T et e

(

== (Ui,kk + 2u; (uzk - Ukk) — Uik — Ui kUp k + ’ufk + ufk) e 2uk
(
(

2up—2u 2 2

= Wi kk — METpUipUkpe™ 7 = U f + NIl ;€
; —2u —2u 2 2uy 2 —2uy;
LMk kkE T = MpUipUk pe T = Nl e T+ iUy e
2u

2u, 2up

2 —2u 2 -
’f—nkuijke ’“+nkui7ke

= = (20 Wik = Uk k) = Ui pup ke + Uiy ) €20
== (2007 ), — Wi gk k) — Wi gUpyi) €

= S, (20k, kk + @2k, k - 2uy, ik, k + (ak, k)?) e 2%
k

—2uy,

We will calculate the value of . using the metric h in the next subsection.

1.5.2 Practical calculations in 4, and ¢

Using the formula:
7 = niRjj,

we can determine the value of the scalar curvature.

Theorem 1.5.2.1: Value of the scalar tensor

We have: )
. 2 & o —2u
S =— an (2uk7kk + u,ak - 2uk7kuk7k + (uk,k) )6 LN
k
Proof. We have:
7 =nRjj
—Qu. -2
== Y Y (g + g Can = 15) ;) = 3 3 e | g + e (—Uk +2, Uz) e
J k+j 7 k+#j itk k

== > > M (uj,kk +Uj (_Uk +y Uz) ) e™2uk — > e 2" (Uj,kk; + g (uj — Uk),k)
K

k j+k itk k j+k
—2u
=- Z nge ~F Z 2uj gk + Uk | 205 — 2uy + Z U;
k jzk i,k k

N ) N N 2\ —2u
== > (2uk,kk + Uj, f, — 2Up K UE | + (Ukk) ) e 'k
k
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Example 1.5.2.2: Example 8 of the metric h

We revisit the example with the metric h (see 1.1.4.1, 1.1.5.1, 1.2.5.5,1.2.6.3, 1.2.6.5, 1.3.4.5 , 1.3.5.4,
and 1.4.4.3) with:

uo(t,7) :=u(t,r) uy(t,r) =ov(t,r)
ug(t,r) = b(t) +In(r) us(t,r,9) = b(t) + In(r) + Insin(F)

We calculate Scal in two different ways.

(1) Using Theorem 1.5.2.1, we have:

S ==
-n

( 00+U00 2u0 00,0 + (T0,0) )6_2“0

(
—772(2 222+u22 2ug 2l 2 + (U2,2) )

(

(

20,11 + 03 1 — 2up1din + (G1,1)%) e

—2u2

--(2 v+2b)+(v) +2(b)” - 20 (0+2b) + (0 +20)") e
+(2 T ) (u') +2r72 -2/ (u'+2r~ )+( "+2r” )2)6_2”
a 27,—26—21;
= 2[5+ 2b+(5)? +3(B)” = b — 20b + 20b] e
+2 [u" —or 24 (u')2 +3r2 v+ 2r7 (0 - v')u'] e _op27
(2) Using Definition 1.5.0.1, we have:
S =n;R;;

=noRoo + M R11 + 72Ro2 + n3R33
=Rgo — R11 — 2R99

[v +2b+ (0)% + 2( ) —a(v+ 2b)] + [+’ (u + op~1 —v’)]e‘2”
# [+ (u) =" (' + 20 )] [v+v(v+2b a)]e 2
—9r2_9 [b+b(v+2b u) ( o e 1)6—21)

:—2[1'}+2B+(v) +3( ) —uv—2ub+2vb]e_2u

_ 2 _ _ 9
+2[u"—21" 24 (u) +3r = + 2r 1(u'—v')u’]e W _gp2e72

We see the efficiency of the first method, which directly gives a very good factorization.

1.6 Tensor of Einstein
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Definition 1.6.0.1: The tensor of Einstein

The tensor of Einstein is defined by:
1
G =%--Yg.
2
That is, for all vector fields X and Y, we have:

G(X,Y) = B(X,Y) - %Yg(X,Y).

Next, we define the components of ¢ in the & basis.

Definition 1.6.0.2: The components of the tensor of Einstein in & and &*

The components of the Ricci tensor in & and &* are:

Gjl = g(ej, el).

Proposition 1.6.0.3: Simple properties of the tensor of Einstein in & and &~

(i) (Symmetry)
(a) We have:
G(X,Y)=9(Y, X).
(b) We have:
Gj =Gy
(ii) (Twice contracted Bianchi identity)
(a) We have:
VG, =0
Vkaj =0
gklvalj =0
(b) We have:
1
[[g]l]z =0
div[¢4]' =0
divy¥ =0

Proof. (i) (Symmetry)
(a) Since Z and g are symmetric, we have:
1

=AY, X) - S 9V, X)
=4(Y, X)
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(b) We have:

Gjl = g(ej7 el)
= g(ela ej)
-Gy

(ii) By proposition 1.5.0.2, we have:
1
V"an = EVZy

Hence, we have:
1
V'R = §gnzV"5” :
Therefore, by linearity of V, we obtain:
1
V"G = V" (an ~ 58 )
=0

Example 1.6.0.4: Components of the Einstein tensor in the bases ¥ and %,

(i) The components of the Einstein tensor in ¥ and ¢~ are:
1
Gjl = Rﬂ - §gﬂ5’

We have the decomposition: .
4 =Gy da’ ® dz'.

(ii) The components of the Einstein tensor in %, and % are:
1
Gjl = le - injly'

We have the decomposition: ‘
G=G; 0 00"

We have:
Gij = e_ui_uj GU

Theorem 1.6.0.5: Value of the Einstein tensor

Let j,1€{0,1,2,3} distinct.

(i) We have:
—U;—U
Gy =- Z Up,ji = Uj | Up,j = Ul jUp | + Up jUpg [€ 7
| P37, |
Gﬂ == Z Up,jl = UjlUp,j = ULjUp 1 + Up,jUp
| p#5,! ]

(ii) We have:

e o 2 .27 —2u, . 1., 1. . —2
Gji=3 [(G5)% -a2 ;] e +m; > m [Ujk,kk * Sl Uk (gt = 2upp = ujn) + uakum] g "
k#j
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1 1 .
[(u”) ]+77]an[u]kkk+2ukk+2ukk(u]kk 2ukk_u]k)+ujkukk:| 2u;—2uy

k#j

l\DIi—‘

Proof. (i) We have:

J— o= o . S . . —Uj U
Gji=Rj = [ Z Up,jl = g, Up,j = Ul jUp L + “m“pJ] e’
Dp#EJ,l

(ii) We have:

1
Gjj =Rjj - 5miR
N 9 . ~2u; . “2u
- (Uj,jj T Uy ujJuJ}j) e - Z Mk (Uj,kk *Ujk (ukuk - Uk,k)) e
k+j
v 2, ok + U gy — 2k Uk g, + (4 )2 ~2uk
577] Z M\ 24Uk kk T Ug . — 24Uk kUL E + \ Uk, K e
k
—2up

== (55 + 055 — 5 5u55) €2 =i > M (W + Wi (e — unp)) €
k+j

1
PN (%Lk,kk + U g, = 2up ol g + (@k,k)z) e

k+j

1 .
35 5 (2“3733 + “ = 2uy i 5 + (tg5) ) 2
1 oy, 1 R R R . 2 . _
=3 [(ay9)* - @ g] e PR (2Uk,kk i g, = 2up i + (k) — 2k — 2ujk (G, - Uk,k)) e

k#j
1 . ) 1. 1., _
=5 [ ) = a3 e 45 [“’“’“k ~ Ujkk + Euiﬂk Uk k (ke k= 2up e = uj) + u;kuk’“] e
k+j

1 . X 1. 1., _
=5 [G@)° =i ] e +n; 3 [Ujk,kk + Sl i (ks = 2uk = i) + Uj,kUk,k] e 2

k+j
O]

Example 1.6.0.6: Sequence 9 of the metric h

We revisit the example with the metric A (see 1.1.4.1, 1.1.5.1, 1.2.5.5, 1.2.6.3, 1.2.6.5, 1.3.4.5,
1.3.5.4, 1.4.4.3, and 1.5.2.2) with :

uO(t7T):: U(t,T) ul(tar):: U(t,T)
uz(t,r) = b(t) +In(r) us(t,r,9) = b(t) + In(r) + Insin(J)
We have:
1 —2u, ~ ~2D 1 ~ ~ —2ug
5 [(’U,]]) ] e 7+ n;j Z Nk | Wik, kk + iuk’k + §Uk,k (Uijc — 2uk’k - Uj,k) + Uj kUL K | €
k+j

e Case j:=0. We have :

Goo == [(uo 0)? - uo,o] e™2uo

_ 1 -
N A2 N N —2u
+nom [ Gor,11 + Sy + Sl (To1,1 —2u1,1 —uo,1) +uouig|e
[ 1, 1., . 1 -2u,

+ No72 | Uo2,22 + 5“272 + 5“2,2 (U02,2 —2ug9 — u0,2) + Up,2u2,2 | €
[ 1 o N N 9 1 -2us

+ 17073 | U03,33 + U3 3+ SU3,3 (U03,3 —2U33 — Uo,s) + Up,3U3,3 | €

2 02
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1yp,. .\ 2 . \27 _9,
=3 [(v+2b) —(v)2—2(b) ]e 2
9 1 2 -
- [—27" S 3 ((u’) +2r 2) i
4 p2-2
=b (21’) + b) e vyt (1"_1 - 21/) &

N | =

e Case j:=1. We have :

1., o
Gu1 =5 [(1,0)? - aF ] e

_ 1, 1 .
A~ ~ ~ ~ —2u
+ 7170 [ %10,00 + §Uo,o + iuo,o (10,0 — 2u0,0 — u1,0) + U1,0u0,0 | €

- ] -
A ~2 ~ ~ —2u
tmnz | Uiz22 + Slp o + Slzn (T12,2 — 2ug 2 —u12) + Ui pug 2| e =2

—2usg

- 1 1 3
& N & &
+ 7173 (13,33 + 5“373 + 5“3,3 (13,3 — 2u3 3 —u13) + U1 3u33|e

[0 2t) - ) -2 ()]
[2b+ (0)* +2(b) ) ; (0 +2b) (2b - 20 - v) +im'1]e‘2“

_26_2b

oy
[b (2u 3b) ] “2u gt (2u' + r_l) e _p2e720
e Case j:=2. We have :

1. . . _
G22 :5 [(’U,272)2 = U%’Q] e z

_ 1 1 -
N <2 N N —2u
+ 7270 | U20,00 + §Uo,o + Euo,o (Uzo,o = 2ug,0 - u2,0) +ug0up|e "
[ 1o 1. 1 -2u

+M2m1 | U21,11 + §u1,1 + §U1,1 (u21,1 -2uy1 - U2,1) tuz1uUil|e
—A 1 ~2 1 ~ ~ 2 ] _2u3

+M2n | U233 + Uz 3 + Slis3 (ti233 —2u33 —u23) + U 3u33|e

_[i}+6+%((1})2+2(6)2)+%

+ [u" —r 24 % ((u/)2 + 27“_2) + % (u’ + 27”_1) (u’ - 21}’) + r_lv’] e

(@+26)(@+6—2u—b)+ub]e‘2u

e Case j:=3. Since R33 = Ryo, we have:
G33 = Gao.

e We have: .
Go1 =G1p=Rp1 =2 (b (u' = r_l) + 7"_11')) e Y.

Therefore, the matrices G;; and Gj; are of the form:

Goo Go1 O 0 Goo Go1 O 0
G = G G 0 0 G = G G 0 0
Tl o 0 Gxp 0] 0o 0 G 0
0 0 0 Gss 0 0 0 Gs3

(u' +2r ) (2r ! - 20" - ) + u'v'] e

= [—q’j b+ (0-1) (v+ b) - (b)2] e 2 4 [w +u (u' -0 + 7“_1) - 7“_11},] e
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with:

Goo b(2v+b) r‘l( Qv) v 4 2720
Goo =b (20 +b) —r7t (1™ = 20") 2420 4 22042
Gor =2 (b(u' —r™') +r7t0) e

G01 =2(b(u -r™) +r719)

b
b
[ (2u 3b) ] e 24t (2u' + r_l) e 272
GH = [ (20 - 3b) ] “ut2v ol (2u" + r_l) — e

Gag =G3g = [—v —b+ (4 -0) (v+ b) - (b)2] e vy [u" +u (u' -

Gag =12 [—i} b+ (u-10) (0+ b) - (b)z] e 2 4 2 [w +u (v -0+ r_l) -7 11}'] e

G33 = SiIl2 ’19G22

v+ 7"_1) -r 11)'] e
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Chapter 2

Practical Resolution in the Case of
Spherically Symmetric Metrics

We study the metric h discussed in the examples of the previous chapter, see:

1.1.4.1, 1.1.5.1, 1.2.5.5, 1.2.6.3 , 1.2.6.5, 1.3.4.5 , 1.3.5.4, 1.4.4.3, 1.5.2.2, 1.6.0.6

h=e®tNdt @ dt - * M dr @ dr — 12 (9 @ d + sin 9dyp ® dy)
= 2N gt @ dt — 2B dr @ dr — 12O hg
where:
ha = d¥ @ d9 +sin? 9y ® dp

is the metric on the unit 2-sphere in spherical coordinates (see point (2) of example 1.1.3.3).

We will denote, as desired:
(0’ ]" 27 3) = (t7 /r’ 29’ gb)

Following Einstein’s article [3], several solutions to the general relativity equation have been given in
specific cases. Here are the references for those discussed in this chapter:

e Schwarzschild metric: [1], [1&8], [19], [20]
e Reissner-Nordstrom metric: [7], [12], [13]
e FLRW metric: [1], [5], [10], [14], [15], [16], [20], [21],

2.1 General Solution

2.1.1 Objects Associated with Curvature

For the calculations, we will need the Christoffel symbols and the components of the Einstein tensor.

According to example 1.2.5.5, the Christoffel symbols are given by:

i u' 0 0 wet g 0 0
o |u e 0 0 1 ) v 0 0
P=lo 0 e 0 =0 0 e 0
0 0 0 r2bsin? Pe2b-2u 0 0 —rsin? Pe2b-2v
0 0 b 0 0 0 0 b
-1 -1
1—\2 — 0 (_)1 r 0 FS — 0 0 0 T
b r 0 0 0 O 0 cot
0 O 0 -—cosvsind b r 1 cotd 0
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According to example 1.6.0.6, the non-zero components of the Einstein tensor are given by:

In the |Ggy =b

bases Gor =2 ( (u’ - r’l) + r’lq}) e
¢ and ¢ | Gi1 = [b (2& - Sb) - Qb] e 2 4t (2u’ + 7“_1) e _p2em2
Goy =|-0-b+ (u—0) (0+ b) - (b)z] et [u +u (W =0+ = | e
Gsz =G

(20+b) e —r7L (17l = 20" ) 720 4 p 727
b —u—v

In the Goo = €2uG00

bases = 6(21') + b) -t (r‘l - 21)’) e2u=2v 4 pm2p-2b+2u
¢ and €* G01 = €u+vG01
=2 (b (v =r71) +r7o)

G11 = 62vG11
= [b (20 - 3b) - 2b] e 220 7l (20 4+ p7h) - 22t
G22 = TZGQQ

=72 [—i} ~b+(u-1)(0+b) - (6)2] e+ [u +ul (W -0 ) — | e
G33 = 7’2 sin2 19@33
= —r2sin? 9 [Qb +3 (6)2] e?072u 4 2 5in2 9 [u" + (u' + 7”_1) (u' - U')] e 2v

2.1.2 Form of the tensor field S

Depending on the utility of the tensors, it is useful to raise or lower indices (see subsections 1.1.8 and 1.1.9).
The obtained tensors are related by simple formulas. We begin with an example.

Example 2.1.2.1: Forms of the energy-momentum tensor in the case of a perfect fluid

In the literature, an usual example of the energy-momentum tensor is the energy-momentum tensor
for a perfect fluid in thermodynamic equilibrium. It can be expressed in six different equivalent forms:

pc2 0 0 0 pce?t 0 0 0
0O P 0 0 0 Pe 0 0
Ti=lo o P o Tiu=| o 0 2P 0
0 0 0 P 0 0 0 7r2sin?9P
pc2 0 0 0 pc2 0 0 0
, 0 -P 0 0 : 0 -P 0 0
J J _
iy = 0O 0 -P 0 A7 = 0 0 -P 0
0O 0 0 =P 0o 0 0 =P
pc2 0 0 0 pce 0 0
- 0 P 0 O il 0 Pe? 0 0
1o o P o 0 0 r2P 0
0 0 0 P 0 0 0 r2sin29YP

where p is the mass density of the fluid and P is the hydrostatic pressure. As indicated by the
notation T or T and the indices, these six tensors represent the case of a perfect fluid with or without
tetrads and of type (2,0) or (1,1) or (0,2).

These six tensors are related by the standard formulas (see the results in subsections 1.1.8 and 1.1.9):

T/ = hT;; T = T
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T;. — T]jjTjj Mo = njj']r;
r:[wj.7 _ eQUjr]Tjj Tj — ’]:[‘j T]] = e_QUjTjj
It can be observed that in the case where the tensor T}; is diagonal, we have:
J _ mJ
T; =T;.
This is no longer true if T; is non-diagonal.

We will prefer the tensors T); and T;; when using the Einstein equation, and the tensors T{ and T{
when using the Bianchi identity.

The Einstein equation is written as:

In the ¢, and ¢ bases | In the ¢ and ¢* bases

Gji =S Gji = S;

with a right-hand side that, in the case with a cosmological constant, is given by:

In the ¢, and ¢} bases | In the ¢ and ¢~ bases

Sjl = _Anjl + Hle Sjl = _Agjl + RSjl

We have defined:
8rG

A

K=

In this section, we will consider tensors S;; and Sj;; of the following form, as G and Gj; only contain
two non-zero off-diagonal terms that are equal in symmetric positions (j,1) := (0,1) and (4,1) := (1,0):

Soo S()l 0 0 a62“ §€u+v 0 0
S' _ SlO Sll 0 0 n £6u+v ,8621} 0 0
710 0 Se o] o 0 2y 0
0 0 0 Ss3 0 0 0 r2s1n219’y
SOO SOl 0 0 (6 é 0 0
o _|Sw0 su 0 o e 800
Tl o 0 S» 0 00~ 0
0 0 0 S 00 0 ~
where a(t,r),B(t,r),v(t,r),&(t,r) are functions of the variables ¢t and r. Thus, we have:
S9 s 0 0 a U000
i ollg St stoo o0 | e 800
O KO 0 0 -y 0
0 0 0 Si 0 0 0 -
S§ s? 0 o0 a & 0 0
; St st o o £ -8 0 0
j_ g _ |20 ®1 _
Si=mSi=g g S 0 0 -y 0

o0 0 0 s3/ \o 0 0 -y
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Matrix representations are given by:

In the ¢, and ¢ bases In the ¢ and ¢ bases
Goo Gor 0 0 Soo Se1 0 O Goo Go1 0O 0 Soo So1 0 0
Gio Gi1 O O] [Swo Sz 0 0 Gio Gii 0 O] _[Swe Sz 0 0
0 0 Gy O] 1O 0 So9 O 0 0 Goa O] | O 0 S92 O
0 0 0 Gss 0 0 0 Ss3 0 0 0 Gss 0 0 0 Sss

In both cases, we have the following four fundamental equations:

(Eo : Goo=So0) : b(20+b)e ™ —r7! (r‘l 20 ) e +r e ? =q

(Bor © Go1=So1) : (b(v/' -r")+rto)e ™ =¢

(Br : Gii=Su) : [b(2a-3b)-2b]e ™ +r " (20 +77 ) e ™ 122 =3

(B2 : Gaz =Sg2) [ i =b+(u-10) (0+b) - (b)2] e [u +d (W = ) = e =y

2.1.3 Using the Bianchi Identity

According to Proposition 1.6.0.3, the twice-contracted Bianchi identity gives four equations for [ € {0, 1,2, 3}:
v,G] =
Using Proposition 1.2.5.2, we have:
V;G] = 0;,G) +T9 ;.G - T*;G1.

Therefore, we have: , ' } .
ViG] = 0;G] + Iy G - T*1;G| = 0

Using the equality: ‘ '
G] =¥5]
and the linearity of V;, we obtain the following four equalities for [ € {0,1, 2, 3}:

0= Vjsg = ajsg + Fjijf - FkljSi

The following proposition gives the two nontrivial equalities derived from these four equations.

Proposition 2.1.3.1: Application of the Bianchi Identity

The identity: '
Vng =0

is equivalent to the two equations:
(Bo : V;80=0) : a-[¢+2(u +rt)€]e P +2b(a+7) - (va-v'B+2r ) +98=0
(By : v;8]=0) : [£+(0-20a-2b)¢]e™ —B - (a+B)u'+2r7 ' (y-B) =0

Proof. We have: A A ' ‘
0= Vjsg = 638‘17 + Fjijf - FkljS?g

There are four cases.
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e Case [:=0. We have:
0= Vjsg = OJS% + Fjij’{j - FkojSi
= 00SY + 0184 + 1V 080 + TV ;185 - T8 = TV ;87
=a-[¢+(u-v)¢le" "V +(a+rv+ 2b) a—(u +v" +2r 1) e —va - (- 9B - 267)
- [f’ +2 (u' + 7"_1) 5] eV +2b (o +7) - (u'a -v'B+ 27‘_1’)/) +00

e Casel:=1. We have:
0= VjS{ = (9]8]1 + Fjij’f — FkljSi

= 308(1) + 81S} + Fjjos(l) + Fjjls% - 1‘1108[1) - Fjljsg

= [5 +(v-1) f] et - Bl - (u +0+ 2b) Ee WY — (u' +o + 27"_1) B —0€e Y (u'a -v'B - 27“_17)

=[€+ (v-20-2b)¢]e ™™ =B~ (a+ B)u +2r7! (v~ B)
e Case [ :=2. We have:

0= Vjsg = C{’jS% + Fjjksg — Fk2j8£
= V85 — 1,8’

= cot ¥S3 — cot ¥S3
=0

e Case [:=3. We have:
0= Vng,; = (3]8?3 + Fjijlgf - Fk3jSi
= V385 - T73;S7
= cot 1S3 — cot ¥S3
=0

The last two cases are trivial.

2.1.4 The six fundamental equations

The six fundamental equations that will be used throughout this section are:

(Eo : Goo=Spo) : 6(21’1 + b) “2u_ ol (r_l - 21)') e 422
(E01 : Gm:SOl) ( ( -r )+7‘ 121) —f
(E1 : G11=S11) [ (2u 3b) 2b] “2u g (2u + 7"_1) e 2% op
(Ey @ Gaa=Sg) - [ b—b+ (u-12) (v + b) (6)2] e 2y [u" +u (u' v+ r_l) - T_lv'] eV =~
(B : VjS% =0) a- [5 +2(u +7 1)5] U 2 (o + ) - (u'a—v'ﬁ+2r‘17) +08=0
(Bi : v;81=0) ¢ [€+(0-2u-2b)¢]le™™ B —(a+B)u' +2r 7 (v-B) =0
The first four equations are derived from the general relativity equation, and the last two are due to the
Bianchi identities.

The two Bianchi identities are derived from the general relativity equation, but due to their importance
in the calculations, they are considered as two additional fundamental equations.
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2.1.5 Case where G and S are diagonal

From equation (Fp1), we have the following equivalences:
(i) Gj; and Sj; are diagonal;
(i) € - 0;

(iii) rbu’ +0-b=0.

The last equation is a criterion that is generally difficult to exploit. However, we have the following
simple result.

Proposition 2.1.5.1: Case where & = 0

Consider the case:

(i) The following conditions are equivalent:

(a) u' = 0 i.e., u is independent of r;

(b) @

(c) The functlon v can be decomposed as v(t,7) = b(t) + v,.(r).

(ii) Suppose that: .
b=0.

Then v =0, i.e., v is independent of ¢.

Proof. (i) From point (iii) of the equivalence mentioned before the proposition and since £ = 0, we have:
rbu’ +0—b=0.

This leads to the equivalences between:

o u' =0;
o 0—b=0;
o =D

The last point is equivalent, by integration, to the existence of a function v, depending only on 7 such
that:
v(t,r) =b(t) +v.(r).

(ii) Suppose that:
b=0.

Then, according to point (iii) of the equivalence mentioned before the proposition:
0=0

i.e., v is independent of t.

O]

The two cases studied in this proposition will be treated separately, the first one in the following sub-
section, and the second one, which is more extensive, will be addressed in the next section.
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2.1.6 Case where the functions v’ and ¢ are zero

We consider the case where:

Hence, there exists a constant ¢ such that:

e =c.

By point (i) of Proposition 2.1.5.1, the function v has separated variables. We assume that v can be written
as:

v(t,r) = b(t) +v(r).

Thus, the studied metric is of the form:
h=cdt@dt - e (2dr o dr +7? (0 @ di + sin® ¥dy © dp) )

Throughout this subsection, we consider an energy-momentum tensor that satisfies the six fundamental
equations of the form:

a(t,r) 0 0 0

S, i 0 B(t,r) 0 0

it 0 0 ABtr) 0
0 0 0 B(t,r)

where «, 8 are functions of the variables ¢ and r.

We have:
(B : v;89=0) : -p'=0

Thus, 8 does not depend on r, so we have:
B(t,r) = B(1).
The equation (FEp;) is trivial, and the five fundamental equations become:
(Eo = Goo=Sp) : 3¢7? (b 2 +r e [(22}' - r_l) e 4 T_l] =
(E1 : Gi1=Sn) : -¢? [2" +3 (6)2] +r e (e -1)=1
(E2 : Gag =Sg2) -2 [25 +3 (b)z] —phylem2072v 2 B

(Bo : V;S5=0) : a+b(2a+38)+ (v -2r1)3=0
(Bi: V;8{=0) : -p'=0

Theorem 2.1.6.1: Generalized metric

There exists k € R such that:

1
h=c2dt @ dt — e2® (—er ®dr + TZ]'LQ)
r

1-k
where:

2
(b)2 +kc2e ™ = %

2
b+ (6)2 = —% (36 + )
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Proof. We prove the result in three steps:
(1) e®=1-kr?

2
(2) (b)2 + ke = %

. N2 CQ
(3) b+(b)" = -5 (B38+a)
(1) We provide two methods.
(a) We have
0=5-5
=G11 - Gag
__2[s i)2 -2 _-2b ( _—2v -2 (57 i\2 -1, -2b—2v
=—c [2b+3(b) ]+r e (e -1)+c [2b+3(b) ]+r v'e
_ r—1€—2b (T_1€_2U n vle—QU _ 7"_1)
So, by setting ¢ := e72?, we have:
O=rte 4o e -yt
o lg- iy o
2
Thus, g is a solution of the differential equation:
(B) =y —2rty=—2r71.

The homogeneous solutions are generated by the function:

r —> exp (2 f1 t’ldt) = 2In(r) = 2,

We have the constant particular solution:
r— 1.

Therefore, there exists a real constant k such that:

g=1- kr2.
Thus, we have:
621) _ l _ 1 )
g 1-kr?

(b) Using (E7) and separating the variables r and ¢, we have:
e?? (B +c72 [Qb +3 (b)Q]) =2 (6_2U - 1)
Hence, there exists a constant k such that:
r2 (6_2” - 1) =-k

In other words, we have:

2v _ 1
1-kr?

We also obtain another equation that appears in point (3):

e (ﬁ +c7? [25+ 3 (b)2]) =-k

e

In other words, we have:
2b+3 (b)2 + ke = —Bc.
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The advantage of the second method is that it only uses equation (E1).

(2) Since:
g =-2kr

we have:

s 2 —_ —_ — —_ —_ —
r 1 (2?/ 1) 2b—2v 2 _-2b
5 2 -_ -_ -_ -_ -_— -_
1 _-2b (21), 2v r 1 _—2v 1)

(®)
(®)
=3¢ 2 (15)2 +rte ™ (~g' —rtg+r7t)
(%)
(®)

<

Therefore, we have:

(3) We have:

_ i /e—2b
2r
=—¢2 (2b +3 (b)2) — ke

Thus, we have the two equations (the second one is from point (ii)):
2b+3 (b)2 + ke = ~Bc?

2
(b)2 +kcte = %

By subtracting these two equations, we obtain:

. . 2 62
b+ (b) = -5 (36 +a)

O]

In the following corollary, we give the relations with the usual notations used in the case of the Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric.

Corollary 2.1.6.2: Other versions

(i) The scale factor is defined as:

Then there exists k& € R such that:

h:c2dt®dt—a(t)2( dr®dr+r2hg)

1 - kr2
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where:

(@)2 kc? ~ ac?

— e 5 ——
a a? 3
a c?
—=-—(38+0a)
a 6
(i) The Hubble parameter is defined as:
H:=b=—
The spatial curvature is defined as:
k
Ki=ke?t=2,
a

Then we have:

a 3
o 02
H+H2:—E(3ﬂ+a)

(H)z . K_02 ac?

\. J

Example 2.1.6.3: Usual example

We take the notations from Example 2.1.2.1. We consider the case where:

o= @p—A , B:= $P+A.
c c

Therefore, we have the Friedmann-Lemaitre equations:

(d)2+ k_02 G Ac?

a a? 3 3
e w (P -g

2.2 Case where the functions b and ¢ are zero.

We consider the case where: .
b=0 A £=0.
By point (ii) of Proposition 2.1.5.1, the function v is independent of the variable ¢, i.e., v can be written as:
v(t,r) :=v(r).
Thus, the studied metric is of the type:
h=e?tNdt @ dt - e*dr @ dr - r? (dY ® dv) + sin® ¥dp ® dy)
= 24Nt @ dt — ' dr @ dr — r2hg

In this subsection, we consider an energy-momentum tensor of the general form:

a(t,r) 0 0 0

s | 0 B o 0

A IO 0 v(t,7) 0
0 0 0 ~(t,r)
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where «, 3,7 are functions of the variables ¢ and r.
From the equation:
(Ey : Ggo=Sgo) : 7 [(21}' - 7“_1) e 4 7“_1] =«
and since the left-hand side only depends on r, we deduce that « is independent of ¢, i.e.,
a(t,r) = a(r).
The equation (Ep;) is trivial, and the five fundamental equations become:
(Eo : Ggo =Spo) : pt [(21}' - _1) 6_2” + r_l] =«
(Br : Gu1=Spn) : ' [(2u'+r ) e -r7"]=p
(B2 : Go2=S9) : [ +(u' +r7h) (o - )] e =ny
(By : Vj86:0) da-uB+2r v =0
(Bi: V;81=0) : ="~ (a+B)u'+27" (y-5) =0

We define: ,
A(r) ::[0 a(r)e?dr.

Example 2.2.0.1: Three simple examples

Throughout this section, we will consider three usual cases as examples (see Example 2.1.2.1 for the
notations). We assume that the functions p(r) and P(r) are independent of ¢.

(1) Case of a perfect fluid. We are in the case where (also see Example 2.1.2.1):

kpc2 0 0 0 kpctet 0 0 0
s, | 0 wP 0 0 g .| 0 wP 0 0
Tl o 0 kP O it 0 0  kr2P 0
0 0 0 kP 0 0 0  kr’sin®yP

We are thus in the case where:
a:=kpet |, B:=kP.

(2) Case with a cosmological constant. We are in the case where:

-A 0 0 O -Ae%* 0 0 0
s .| 0 A OO S 0 Ae® 0 0
=1 o 0o A 0 Al ) 0 A 0

0 0 0 A 0 0 0 7r2sin?9A

We are thus in the case where:
a:=-A, B:=A

(3) Case of a perfect fluid with a cosmological constant. We are in the case where:

kp—A 0 0 0
s .| 0 wP+A 0 0
A B 0 &xP+A 0

0 0 0 kP+A

(kp—A) e 0 0 0
S, 0 (kP +A)e? 0 0
= 0 0 r2 (kP + A) 0

0 0 0 r2sin? 9 (kP + A)
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We are thus in the case where:

a=rkp—-AN , B:=rkP+A.

At the end of the section, we will consider a more complicated example with an electric charge.

2.2.1 Section plan

We will consider different cases in this section. Here is a brief outline:

e General solution. In this subsection, we make no additional assumptions.

o Exterior metric. We assume the existence of a real number R > 0 such that for all r > R:
a(r) =-p(r)

and the metric is asymptotically flat, i.e., we have:

lim g;; =n;.

7 —>00

We examine what happens outside a ”ball” of radius R.

e Interior metric. We retain the assumptions of the exterior metric. Additionally, we assume that « is
constant on [0, R], v = 3, 8 is independent of ¢, and /3 is continuous at r := R.

We examine what happens inside a ”ball” of radius R.

e Case where 3(r) =0 for r > R. We assume the hypotheses from the previous point, with the additional
assumption that 5 (and thus «) is zero for r > R.

e Example of the Reissner—Nordstrom metric. We consider a longer example involving an electric
charge.

2.2.2 (General solution

We start with general results on the functions appearing in the equation of general relativity.

Theorem 2.2.2.1: Usual properties

(i) We have:

(ii) We have:
; B+ A

(iii) We have:
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Proof. (i) We have:

By equation (Ep), we have:

d

(=) -ar

Upon integration, there exists a constant C' such that:
T
r(l1-e?)= / a(t)?de+C=A4+C
0

Thus, we have:
e =1—1(A+C)
r

and hence:

-1
62”:(1—A+C) .
r

To determine the value of C, we consider the neighborhood of r := 0,. We can assume that « is a
constant with value g in this neighborhood of 0,. Therefore, in this neighborhood of 0., we have:

T 2 7'-3
A(r) fo aprde » aoy

which leads to:
a0T3/3 +C apr: C
- ~]1— + —.
T 3 T

6*21} ~ 1

Thus, to avoid a singularity in the metric at 0., we set:

C:=0.
Consequently, we have:
A -1
2v _
e’ = (1 - —)
r
(ii) Since:
-1
eV = (1 - é)
r

we have from (E):

B=Gn
=l (2u' + r_l) —r2

e
=yt (1 - é) (2u' + ril) —r2
r

which gives:
o = 1rf+rt 1 B+ A

214 3" TaGob)

(iii) Two proofs are provided.

David Pigeon 99 Practical Calculations in General Relativity



CHAPTER 2. PRACTICAL RESOLUTION IN THE CASE OF SPHERICALLY SYMMETRIC
METRICS 2.2. CASE WHERE THE FUNCTIONS B AND ¢ ARE ZERO.

(1) Using (B1), we have:

B':—(a+ﬁ)u'+2r_1(’y—ﬁ)
5+ A .

= o (r A)( a+8)+2

(2) Another proof is given without using the Bianchi identity. By differentiating equation

(E1) + Gu=p

we obtain:

d
B = EGH

= % (6721) (27‘17/ + 7’72) - 7"72)

2v (—47’712/1/ —2r 2 =22+ 2r 7 - 27‘3) +2r73
_ 2T—16—2v (—QU,UI _ T—lvl _ T—lu/ n u// _ r—2) T 27:3
—op1 [_6—21; (_u// ruly - (u/)Z " T_l(u/ i v/) T T‘_2)

[—u’e_% (v' + u')] + 27‘_3

—2r_1[e_2”( +(u) +7r° (u v') - +7‘262v) u’e_2”(v'+u')]+2r_3
—27‘_1[6 (2“(G 1—€ ([3}22—7“262”) uezv(v +u)]+2r_3
:2r1[ﬁ v - 2"(2} +u)]+2r_3
=-2r" 1u'(v +u)e 2 2—7_ﬁ
,
= - (GOO + Gn) u'e_% + 2#
=—(a+p)d +2’Y p
3
_ rp+A V-8
- 27"(7"—A)<a+5)+2 r

So the metric is of the form:

A -1
hzeQudt®dt—(1——) dr ® dr — r’hgq

r
where:
o - B+ A
S 2r(r-A)’

Point (iii) is a generalization of the Tolman-Oppenheimer-Volkoff equation (known as TOV).

Example 2.2.2.2: Suite 1 - Two Simple Examples

Let’s consider the three examples from 2.2.0.1.
(1) Case of perfect fluid. We have:
a:=kpc?, fB:=kP.

Let’s define: ,
m(r) := 4”/0‘ p(v)e*dr.
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Then we have:

"8G
A(r) = c—2p(t)t2dt

Therefore, by theorem 2.2.2.1, we have:
(i) We have:

(ii) We have:

o - r3kP +2Gm(r)/c?
2r(r = 2Gm(r)/c?)
_ 87GriP +2Gc*m(r)
—2¢2r(c2r - 2Gm(r))

(iii) We have:
87Gr3P +2Gc*m(r)
P - 24+ P).
2¢2r(c?r —=2Gm(r)) (pe”+ P)

(iv) The metric is of the form:

-1
2G
h=62udt®dt-(1-$) dr ® dr - 1*hg,
c2r
(2) Case with cosmological constant. We have:
a:=-A, pf:=A
Therefore, we have:
Ar?

A(r)=- fo At?de =
By theorem 2.2.2.1, we have:
(i) We have:

(ii) We have:

;o r3A—Ar3/3
~ Ar
3 Ar2

Thus, there exists a constant £ such that:
1 2
u=—=In3-Ar*|+k

Therefore, we have:
o2k -1

3

| A
3

€2u
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(iii) The metric is of the form:
2k -1

e
3

2

Ar2 A2\
" dt®dt—(1+?r) dr ® dr — r2hq,

1- "
3

(3) Case of perfect fluid with cosmological constant. We have:
a=kp—-A, [:=rP+A.

Therefore, we have:
r 2Gm(r) Ar?
A(r) = f 2_A)Pde —/— 2 - —,
(r) a (kpc )vide 2 .
By theorem 2.2.2.1, we have:

(i) We have:

2\ 1
(1200 )

@iy 3
(ii) We have:
o - r3 (kP +A) +2Gm(r)/c? - Ar3/3
— 2r(r-2Gm(r)/c? + Ar3/3)
_ 247Gr’P + 6Gc*m(r) - Ac'r®
2¢2r(3c2r — 6Gm(r) + Ac?r3)

(iii) We have:
247Gr3P + 6Gc*m(r) — Actr3

P=-
2¢2r(3c2r — 6Gm(r) + Ac?r3)

(pc* + P).

(iv) The metric is of the form:

_2Gm(r)
c2r

2u Ar? - 2
h=e"dte®dt—|1 =5 dr ® dr —r°hg

2.2.3 Exterior Metric

We make two assumptions:

e There exists a real number R > 0 such that:

Vr> R, a(r) =-5(r).
e The metric is asymptotically flat, meaning;:

}LI?O 8ii = Ni-

Theorem 2.2.3.1: Form of the exterior metric

For r > R, we have:

-1
h=C2(1—é)dt®dt—(l—é) dr @ dr — r’hg.
r T
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Proof. We have:

0=a(r)-alr)
=a(r) +p(r)
=Goo +Gn
= lem? (2@' - r_l) Y (2u' + 7"_1) —r2
= e (u' + v')
Thus, we have v’ +v" = 0. Therefore, there exists a constant C' such that:

u+v=C

Since the spacetime is asymptotically flat, we have:

: 2u 2 2 : 2v
lim e™ =gy =cnoo=c¢ , lim-e”* =g =m1=-1
r—00 r—o00
This implies:
limwu=Inc , limwv=0.
7 —>00 7 —>00

Hence, we have:
C=lim(u+v)=Inc.
r—>00

Thus, we have u =Inc - v and:

O]

Example 2.2.3.2: Sequence 2 - Two Simple Examples

Let’s consider examples (1) and (3) from 2.2.2.2 of the perfect fluid with or without a cosmological
constant (also see 2.1.2.1 and 2.2.0.1). For both examples, we assume that there exists a constant

R > 0 such that: ) ")
| oplr) ifr<R | P(r) ifr<R
p(r)“{o ifr>R. P(T)“{o it r > R.

(a) The mass of the central object is defined by:

M := m(R) = 4n fo * (o).

Thus, for all r > R, we have:
m(r) =m(R) = M.

(b) The Schwarzschild radius is defined by:

2GM
2

R, = A(R) = Qc—fm(R) -

Therefore, we have:

A(r) = 25 m(r) = 2m(r).

Let’s analyze both examples.
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(1) We consider the case where:
o= nch , B=kP.

Using example (1) from 2.2.3.2, the metric has the form:

-1
h:(l—&)dt®dt—(1—&) dr @ dr - rhq.

r r

(3) We consider the case where:
a=rpc® —AN , B:=kP+A.

Using example (3) from 2.2.3.2, the metric has the form:

s Ar? A
he(1-B 2 Varodr-(1- 22 e A7) 4r @ dr - r2hg.
T 3 T 3

Corollary 2.2.3.3: Static Metric

For r > R, the metric h is static.

Proof. Since v is independent of time and:
u=1In(c)-v

Thus, u is independent of t. Therefore, the metric h is static for r > R. O

By (E1) and (E2), we also see that § and «y are independent of ¢ for r > R.

2.2.4 Interior Metric
We assume that:

e « is constant on [0, R], i.e., there exists a constant ag such that a = g on [0, R]. We assume that:

a=00< —

R2
The condition on «g is due to the square root \/3 — agr? appearing in the results of this subsection.

e v:=f, (B is independent of ¢, and § is continuous at r = R. We define:
Br = B(R-) = B(R.).

e for all » > R, we have:
a(r) ==B(r).

This condition will allow us to match the interior metric with the exterior metric.

Throughout this subsection, we have:

ag O 0 0
_[0o BC() 0 0
r<R S]l 1o 0 B(r) 0
0O 0 0 B

a(r) 0 0 0

1 0 —a(r) 0 0

r> It Si 0 0 —a(r) 0

0 0 0 —a(r)
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Therefore, on [0, R] we have:

A(r) = f aord

Oé()T'
3

Theorem 2.2.4.1: Interior Metric

For r < R, we have:

2(3(a0+ﬁ3)\/3 agR? - (g +38Rr) V3 - aor2) dt ® dt - 3 dr®dr r?ha.

4¢§ 3

Proof. By (B1) and since v = 3, we have:
!/
/ B
u

ag+

Thus, there exists a constant C; such that:

u=-In|ag+ f|+ .

We have:
ag + f=Goo +G11
=9p le72v (v' + u')
=9r! (1 - é) (v’ + u')
r
0[07“2
=9r1 (1— )('U'+u')
3
and:

re®t = rexp (u+In|ag + )
=re|ag + )
=re" (2r_1e_2v ‘v' + u")

= 2¢ete 2V ‘v' + u" >0

Thus, by continuity of v' + u/, £ € {1} such that |o" + /| =e(v" +u"). With U := ", we have:

refl = 2¢te™ v + |

= 2eete (v' + u')
= 2eu/ee ™ - 66“% (e72")

= 2eu’e? (1 - Oé(;)T‘2) + 2€§Or6"

2
=2g(1-a‘§; )U’+MU.

3

Thus, U is a solution of the differential equation:

2
2
(E) : 28(1_0407" )y'—i— 5§OTyZT601
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‘We have: 3
o < ﬁ < 7“_2

which means 1 - ag/r? > 0. Thus, the homogeneous solutions are generated by the function:

T 2eaqqor/3 (1 9 ) apr?
sexp(- [ ——202 e =exp(=In(1-aer?/3))=1/1- 22—
" exp( fo 2e (1 — agr?/3) t) P37 n( cor/ ) 3

We have the constant particular solution:

3ee
T .
20
Thus, there exists a constant Cs such that:
3ee1 agr?
U = + CQ - 0
2a 3

Let’s calculate the two constants Cq and Cs.
e Using 5(R-) = fr = B(R+). We have:
ret = re® lag + Bl =er(apg+B)U

which means:

e 1 (ap+B)U=¢
and thus at R_, we have:
e=e % (ag+B(R.))U(R)
=™ (a0 + Br) U(R)

3eet aoR?
=e 9 (ap + Co\/1-=2
e ' (ap + BRr) ( Sy +Co 3
R?
_3e(ao+fr) | Cy (a0 + f) Oy [1 - 20
2040 3

which means:

ge“1 (ap + BR) oo R?
=—-Cy \/1- )
2&0 (Ozo + BBR) 3

e Using the continuity of the metric at R. Since:

goo(R-) = goo(R+)

o(-mE)-o(-42)

= goo(Ry)

= goo(R-)
_ e2u(R_)

we have:

=U(R.)?

c R? ’

1

= (366 +Co\[/1- @0 )
2aq 3

2
(a0 + Br) agR? oo IR
( 32 a0 + 382) g ¢ 3

2 2
—40— 20 2(1—0‘05 )
(a0 +3Br)
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which means:

G, = +¢(00 *+ 35R)
20
and thus:
ee?t ch(ao +BR) L apR?
200 20 3
Thus, we have:
2 2
e“=U==F36(a0+ﬁR) /1_a0R ic(040+3,6’R) | cor?
2040 3 2040 3

Therefore, we have:

2
2 2 2
e = 300+ Br)\[1- 225 — (ag + 381 /1 - 22
402 3 3
4\/3 5 (3 (a0 + Br) V3 -agR? - (g +38r) V3 - 0407“2)
Hence the result. O

Corollary 2.2.4.2: Integral form and central value of

(i) We have:
(a0+353) \/3 a0r2 (Ozo-i—ﬁR) \/3 a0R2
3(0{04—5}3) \/3 a0R2 (a0+3ﬁR) \/3 a07“2

8=«

(ii) We have:
B = lim B = g {20+ 38R) V3~ (a0 + Br) V3 - a0
r—04 3(0[0+ﬁR)\/3 OZ(]R2 (a0+3BR)\/_

Proof. We have:

ag + 3 =ceCre

o3¢+ Br) [ aoR? c(ao+3BRr) [ aor®

20&0 3 20&0 3

(675} R2

6601 = Fc (ao + BR) 3

Therefore, we have:

B=eee™ - ag
F2cap (ap + BRr) W
¢3c(a0+53)mic(ao+3&g)m
200 (ag + Br) V/3 - agR?
3(Oéo+5R)\/3 agR? - (ao+3BR)\/W
(a0+363)\/3 aor? - (a0+63)m
3 (a0 + Br) V3 - aoR2 — (ag + 36Rr) \/3 - agr?

Hence the result for 5. by taking the limit r» — 0. O
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Example 2.2.4.3: Sequence 3 - Two simple examples

We revisit examples (1) and (3) from 2.2.3.2 of the perfect fluid with or without a cosmological
constant (also see 2.1.2.1, 2.2.0.1, and 2.2.2.2). For both examples, we assume the existence of a

constant R > 0 such that:
ifr<R P(r) ifr<R
p(r) ::{ o , P(r) ‘:{ "

0 ifr>R. 0 ifr>R.

Thus, we have:
Pr=P(R-)=P(R+)=0

We will consider the two examples.

(1) We are in the case where:
Q= mch , B=kP.

We observe that:
agR? 3 A(R) i

3 R R
a0r2_a0R2ﬁ_Rsr2
3 3 R2 RS

(i) The metric takes the form:

2
c? R, 2R, R, ! 9
:Z 3 1—5— 1—F dt®dt—(1— R3 ) dredr-r hQ

2\/1 Rr2/R3 - \/1- Rs/R
3\/1- R;/R-\/1- Rs2|R®

(ii) We have:

= poC

(iii) We have:

5 1-v/1-Rs/R
B, = hm P= pg .
r—>0, 1-Rs/R-

(3) We are in the case where:
a=rpc® —AN , B:=kP+A.

We observe that:
aoR? R, AR?

3 R 3
agr? ~ aoR2ﬁ ~ R,r? ~ Ar?
3 3 R2 RS 3

Thus, we have:

= B(R_) = B(R.) = A.

(i) The metric takes the form:

2
c? R, ARZ2 r2Ry  Ar? r2Ry,  Ar2\ 7' 2
h:Z 3 ].—E'i‘T— ].—F'FT dt®dt_ ].— R3 +T dT®dT—T hQ

(ii) We have:

¢1 Rer?[R3 + Ar2[3 - \/1- Rs/R+ AR2/3
3\/1 R./R+AR?[3-\/1- R.2[R3 + Ar2[3’

(iii) We have:

o 1-y/1-Rs/R+AR?[3
B 5= hm P = pyc .
=0+ 3y/1-Rs/R+AR2[3-1
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2.2.5 Case where §(r) =0 for r> R

We consider the conditions from the previous subsection. Additionally, we assume the existence of two
tensors:

aw 0 0 0 Aao 0 0 0
g [0 B(r) 0 0 @ ._[ 0 wblr)+d(r) 0 0
rERSEy 00 sy o | ST o 0 nB(r) +5(r) 0
0 0 0 B(r) 0 0 0 pB(r) +6(r)
000 0 000 0
< (o000 @ o000
PR ST= g 0 0 o] 0 St Tloo 0o
000 0 000 0

where ag, A, and p are real constants, and:

] o(r) ifr<R
5@y_{0 it r>R.

We assume that S(.ll) and S(ZZ) are solutions of the five fundamental equations discussed earlier.
Next, we will study the Newtonian limits of the obtained formulas. Let us recall the classical definition
of the Newtonian limit.

Example 2.2.5.1: Newtonian limit

In the usual Newtonian limit, we require:

(1) The velocity v of the fluid is much smaller than the speed of light, i.e., v << ¢. This implies:

P = —pv? << pc?.

N | —

(2) The Schwarzschild radius is much smaller than the position 7 and the radius R, i.e.,

2GM
Rs: G

5— <<1, R.
C

In the case G :=: c =1, we have:

P<<p
m(r), M,Rs <<r,R

Definition 2.2.5.2: Definition of the Newtonian limit

Let’s consider a tensor:
o 0 0 0

0 B(r) 0 0
TTlo 0 B(r) 0
0 0 0 B(r)

We say that a tensor Sj;; satisfies the Newtonian condition if it fulfills the following conditions:

(i) We have:
oz07“2,040R2 << 1.

(ii) We have:
B << ap.
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Proposition 2.2.5.3: Newtonian approximation of 5

Let’s consider a tensor:
Qg 0 0 0

0 B(r) 0 0
tTlo 0 B(r) 0
0 0 0 B(r)

Suppose that Sj;; satisfies the five fundamental equations and the Newtonian condition.

(i) Then we have:

(ii) Then we have:

Proof. (i) Since (r) =0 for r > R (and thus S =0), we have:

a0 V3 -agr? —\/3 - agR?
3\/3 aoR? - \/3 T2
V1-aor?/3—+/1-aoR?/3
a3\/1 aoR2/3 /1 -agr?/3
(1-aor?/6) - (1-agR?/6)
(7)) 5

B=

(ii) We have:
Be = hm B(r)~ 0R2

Example 2.2.5.4: Example 4 - Two simple examples

We revisit the example of 2.2.4.3 of a perfect fluid without a cosmological constant (also
see 2.1.2.1, 2.2.0.1, 2.2.2.2, and 2.2.3.2). Suppose that:

In the Newtonian approximation, we recover the standard approximations:

P 27TG 2(R2—7"2)

Proposition 2.2.5.5: Conditions for having two equal TOVs

Suppose that Sgll) and Sﬁ) are solutions to the five fundamental equations.
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(i) We have:
5 (3 p)F(R)E(Mr?) + (1-3p)F(r?)F(AR?) + 3(u - 1) [F(R?)F(AR?) + F(r?) F(Ar?)]
- (3F(AR2?) - F(\r2)) (3F(R?) - F(r2))
where:

F(x):=+(3-apx).

(ii) In the Newtonian approximation, we have:

[(3 ) (R? +Ar?) + (1= 3p) (r* + AR?) + 3(u-1)(1+ \) (r* + R?)].

»blow

Proof. (i) By Corollary 2.2.4.2, we have two integral forms for 8 and uS + 9:

V3 - aor? - \/3 - ag R
3\/3 - aOR2 _ \/3 — 0407"2
(F2) : uB+d=ag V3 = dagr? = /3 - Aag R?
3\/3 - )\OéoR2 — \/3 _ )\0107“2

(F1) = B=ag

By subtracting u(F}) from (Fy), we obtain:

V3 - Aagr? - /3 - AagR? V3 -agr? - /3 - agR?

3\/3 AagR? /3 - Aagr? Ma03\/3 agR? /3 - agr?

(3 ) F(R)EF(A\r?) + (1-3p)F(r?)F(AR?) +3(u— 1) [F(R?)F(AR?) + F(r?) F(Ar?)]
(3F(AR2?) - F(\2)) (3F(R?) - F(r2))

(ii) We have:
a0r2,a0R2 << 1.

Therefore, for = := 2, R?, \r?, AR?, we have:

F(x)»~ \/_(1—%)

Thus, we have:

5~ ‘;—i [(3=p) (R*+Ar?) + (1= 3p) (r* + AR?) +3(u - 1) (1 + A) (r* + R?)].

Corollary 2.2.5.6: Case A:=-1and p:=1

We consider the case where A := -1 and p:=1.

(i) We have:
F(R?)F(-r?) - F(r*)F(-R?)

0 =2qp (3F(-R2) - F(-12)) (3F(R2) _F(r2)).

(ii) In the Newtonian approximation, we have:

(a) We have:
o2
8w EO(RZ—H) ~ 2.
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(b) We have:
apg 0 0 0 -ap 0 0 0
s 0 00 of @ [o 000
i 0 00 0f @ "4t 0 0 0O
0 0 0 O 0 0 00

Example 2.2.5.7: Example 6 - Perfect Fluid

We revisit the example from 2.2.5.4 of a perfect fluid without a cosmological constant (also
see 2.1.2.1, 2.2.0.1, 2.2.2.2; 2.2.3.2, and 2.2.4.3). We assume that:

IrG 8rG
Qg = —5—00 53=—4P
c c
We consider the case where A := -1 and p:=1.
(i) We have:
5 287TG F(R?>)F(-r?) - F(r*)F(-R?)
@ M BF(-R?) - F(-r2)) BF(R?) - F(1%))
with:

F(z):=+/3-87Gpzx/c2.

(ii) In the Newtonian approximation, we have:

(a) We have:
2
o w ngg(RQ—r2)%2P.
(b) We have:
"o 00 0 -8y 0 0 0
s, | 0 000 @, 0 o000
it "1 0 o0 o0 o] Si” 0 000
0 000 0 000

2.2.6 Example of the Reissner-Nordstrom Metric

In this subsection, we study the Reissner-Nordstrom metric. It corresponds to the gravitational field of a
non-rotating, spherically symmetric, charged body with mass M and charge gq.

We start with a proposition.

Proposition 2.2.6.1: Simple expression of o and

Suppose that for all r > R:

a(r)y=-p(r)=wy + %.

Let:
1240 R3 %41

As = A(R) - : 7

Then, for r > R:

A, 2 Aq 2 -l
h:c2(1———V03T +”—;)dt®dt—(1——_”“37" +”_;) dr ® dr — r2hg.
T T T T
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Proof. For r > R, we have:

A(r) = fo " a(v)de
:fORa(t)tht+ fRTa(t)tht

= A(R) + _/Rr vor?de + _/RT %dt

wR v v

- A(R) - o
(R) 3 R 3 T
3
_ A, vr® v
3 T
Thus, we have:
1A 4wt on
r r 3 r2

O]

The energy-momentum tensor is derived from the electromagnetic tensor. We assume that there is no
magnetic field, and the electric field has only a radial component. We provide the definition of the energy-
momentum tensor.

Definition 2.2.6.2: Definition of the energy-momentum tensor

In spherical polar coordinates, the energy-momentum tensor is defined as:

1 /1 . .
T = o (_nleikFlk - mijz‘Fm)
0

4
where:
0 EJe 00 0 -FE.c 0 0
. Q |-EJe 0 0 0 i |Efe 0 00
ET"47rsor2 Fi: 0 o ool o 0 00
0 0 0 0 0 0 0 0

We have:
-1 0 0 0
10 1 0 O
Ta=%3lo o -1 o0
0O 0 0 -1
where: )
O = - GQ .
4dmegctrd

Proof. Since:
Fou FO = FyoF™
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we have:
1 /1 ' ‘
Ty = — (~njuFiF™ - g Fj F™
po \4
1 /1
= (Z’?jl (FmF01 + FloFlo) — mFjo F™ - nlijlel)
1 /1
= ™ (gﬁ]lFmFOl ~ ;1 Fo1 FO' — 77105j,0F01F01)
Fo  FO' (1
= o (5%1 - M10j1 — 77105',0)
We have two cases.
(1) Case j # 1. We have:
Fo  FO' (1
Tj = o (5773‘5 —M10j,1 — T]lo5j,o)
=0
(2) Case j =1. We have:
Fo1 FO' (1
Too = —= (57700 ~10100,1 — ?7005j,0)
= _‘F’O]'—IP(H
210
Foi FO' (1
Typ = =2 (—7711 - M101,1 — 771051,0)
o \2
_ Fn ™
2410
Fo  FO' (1
Tgg = — (—7722 — 121021 — 772052,0)
po  \2
__Fn P
2410
Fo  FO' (1
Ts3 = — (—7733 —13103,1 — ?73053,0)
po  \2
_ _F01F01
210
And since 0260u0 =1, we have:
FnF%'  E,
20 2pupc?
_Ge?
 Aregctrt
B )]
Tt

O]

Practical Calculations in General Relativity 114 David Pigeon



CHAPTER 2. PRACTICAL RESOLUTION IN THE CASE OF SPHERICALLY SYMMETRIC

METRICS

2.2. CASE WHERE THE FUNCTIONS B AND ¢ ARE ZERO.

We use the notations from the examples in this chapter (see, for example, 2.1.2.1) with:

kep(r) —=A+®(r) ifr<R
O‘(T)“{—A+% it 7> R.
| kP(r)+A-2(r) ifr<R
B(T)'_{A—% it 7> R.
_ | mP(r)+A+®(r) ifr<R
() =9(r) "{ A+ 2o it 7> R.
Let’s define: 0%
R} =
Q" drepct

For » > R, we have:

-1
+ —) dr ® dr — r?hg
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